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ABSTRACT
This dissertation was based on the premise that: "A 
stand-volume-growth process is of a probabilistic nature."
The study was oriented toward constructing a stand- 
volume-growth model for southern pine stands. The objective 
was to construct mathematical models of all important com­
ponents or subsystems of a forest stand. The data used were 
mostly field measurements of loblolly pine (Pinus taeda L.) 
stands. Analogous models for other southern pine species 
could be readily produced.
First, the problems pertaining to the definition of 
the size of the influence circles, calculation of over­
lapping influence circles, and construction of competition 
indices were examined. A means of calculating the influence 
of overlapping areas on tree growth was suggested. The grow­
ing space wherein the tree was to utilize site factors was 
represented by a circular area called the "utilization 
circle" or "mircosite". The concept of contour competition 
belts was developed. This was based on the assumption that 
the ability for a tree to utilize site factors within its 
utilization circle decreased outward from the center of the 
circle. The term "competitive stress" was quantitatively
xi
defined as the difference between a tree's utilization zone 
and its efficiency of utilization. Three methods of con­
structing competition indices were proposed and discussed. 
The first competition index was defined as the ratio of a 
tree's competitive stress to its own utilization zone. The 
second was defined as the ratio of a tree's utilization to 
the average stand spacing and the third was defined as the 
ratio of a tree's competitive stress to the average competi­
tive stress of the stand. The second and the third indices 
were considered to have advantages over the first because 
they could be used to compare indices of trees of different 
size, age or species.
In the second part of this dissertation, the height- 
diameter, height-age, and site-index curves have been criti­
cally analyzed. The effect of stand density on tree-height 
growth was examined. The conclusion reached was that the 
height growth of trees was regulated by competition which 
was, in turn, regulated by stand density. The logistic 
growth curve was successfully modified to enable prediction 
of height growth. Application of the newly formulated 
height growth curve revealed (1) the height of irrigated 
trees would always be greater than that of non-irrigated 
trees, (2) intensive cultural treatment would boost height 
growth, (3) loblolly pine trees of different geographic seed
xii
sources might follow distinct growth patterns.
In the third part of this dissertation, a new techni­
que defining stem taper has been presented. Stem taper of 
a coniferous tree was defined as the first eigenvector 
derived through principle components analysis. Methods 
for deriving taper functions, and calculation of log volume 
have been generalized. A taper function was expressed as 
a modified second degree polynomial. Log volume can be 
calculated by the Disc-method. The comparison of differ­
ences among different taper curves is important, and it is 
highly desirable to devise a numerical or statistical pro­
cedure to discriminate true differences among taper curves.
Finally, the effort was directed to the evaluation of 
current conceptions of mortality and prediction of mortality. 
Keister's transitional probability matrix was recommended 
for predicting mortality. With these four subsystems, the 
next step would be to formulate a simulation computer pro­




A powerful tool of management and investigation called 
computer simulation has been recently applied as an aid in 
decision making in various fields of forestry. Computer 
simulation is a numerical technique for conducting experi­
ments on a digital computer, which involves certain types 
of mathematical and logical models that describe the behavior 
of a system over extended periods of real time (Naylor et al. 
1966)• Direct experimentation on a forest system, or sub­
systems, poses many problems due to disruptions, uncontrolled 
results, length of time required, and possibility of costly 
mistakes. Computer simulation, on the other hand, has been 
shown to provide a suitable methodology to study forest 
system behavior under a variety of biological and economic 
conditions and provide a means for analysis of simultaneous 
interaction of the many system variables.
In the field of forestry, computer simulation has been 
directed toward the use of models for growth and yield pre­
diction. One approach has been to construct simulation 
models for predicting future stand growth (Bella 1968,
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Myers 1968, Hegyi 1970) . These models relied heavily upon 
yield-table information.
Attempting to search for a substitute for conventional 
yield tables, some foresters have approached the problem 
by constructing individual tree growth models. This type 
of simulator takes each individual tree in the stand and 
relates growth to a measure of the growing space available 
to the tree. The first such simulator was produced by 
Newnham (1964)• Others that either were similar in approach 
(Lee 1967, Bella 1971) or similar in conceptual approach 
(Mitchell 1969, Lin 1969, Arney 1971) have been constructed. 
Although the existing models have shown a close agreement 
between simulated stand characteristics and those of the 
actual stands, in general one cannot claim a record of over­
whelming success in either describing or predicting the 
future growth and yield of forest stands. There are many 
challenging growth and yield problems still facing us.
Although significant findings on southern pine have 
been reported to give foresters various economical and bio­
logical information facilitating their management decisions, 
no one has given a composite analysis of interactions affect­
ing tree growth, or a synthetic generalization of the effects 
of certain managerial and environmental changes in southern 
pine stands. It is preferable to have a southern pine
3
computer simulation model that duplicates the functions of 
growth as documented in literature from past and present 
field studies.
Simulation is substantially a working analogy. Ana­
logy means similarity of properties or relations without 
identity. Simulation involves the construction of a working 
mathematical or physical model presenting similarity of 
properties or relationships with the natural system under 
study. A simulation study begins with the development of 
a custom-made model of the system and continues with its 
processing or operation in order to determine the behavior 
of the system under examination. A system is a group of 
interdependent elements acting together to accomplish a 
predetermined purpose. Systems analysis is an attempt to 
define the most feasible, suitable, and acceptable means 
for accomplishing a given purpose. The word "system" is 
commonly interpreted as meaning an assemblage of objects 
united by some form of regular interaction or interdepend­
ence. Systems may themselves be subsystems of other larger 
ensembles. Any system analysis work starts with making 
assumptions.
With the realization of the extent of the probabilis­
tic nature prevailing in real processes, I assume that a 
stand-volume-growth process is of a probabilistic nature.
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Based on this assumption, I shall construct a probabilistic 
simulation model of a probabilistic real system— the forest 
stand.
The next step in performing a simulation study is, of 
course, to investigate and establish all factors pertinent 
to the subsequent construction of the mathematical model.
It is essential to include in the model the variables which 
have a major effect on the performance of the real ensemble 
but equally important to omit those details which have no 
material effect on the answer we are seeking. The problem 
of mathematically describing a practical situation in pre­
cise and meaningful terms is often referred to as "model- 
making.'' This takes the form of mathematical abstraction 
which is a description of its physical reality. Thus, in 
this study effort is devoted to the mathematical treatment 
of all important components (subsystems) of volume growth 
of stands.
Although, in this present phase, I only give the 
mathematical models for significant subsystems, the primary 
goal was to produce a dynamic and probabilistic model of 
forest growth— a model in which changes in the state of the 
forest are a function of its present state and random com­
ponents. The follow-up phases of this simulation study will 
undoubtedly be (1) formulation of a computer program, (2)
5
validation, and (3) analysis of simulation data.
The functional relationships or the interrelations 
and interaction among various subsystems can be expressed 
in a mathematical form. System analysts, in formulating 
mathematical models for use in computer simulation, have 
used two basic designs: (1) generalized designs and (2) 
modular or building-block designs (Naylor et al. 1966). A 
generalized model describes the behavior of an entire system 
while a modular model synthesizes the major components of 
the system from a set of submodels. It is believed that a 
modular recursive model will be more appropriate than a 
generalized model for forest growth simulation studies, 
because a modular recursive model is more subjective to 
rigorous statistical testing proceudres and is more computa­
tionally efficient. A modular recursive model can be repre­
sented by a step-by-step algorithm and programmed for computer 
calculations.
An algorithm is a logical sequence of calculation pro­
cedures. On the basis of the assumption made above, the 
estimation of volume growth of a southern pine stand should 
be calculated in the following sequence:
(1) tree positions may be generated or supplied in 
terms of X-Y coordinates;
(2) dbh and height of an individual tree in a stand
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are generated according to the dbh- and height- 
distribution of the stand and a random process;
(3) at the beginning of the growing period, an 
individual tree's competitive status is appraised 
according to its associated competition index. 
Methods of calculating competition indices and 
their underlying assumptions will be postulated 
in Chapter II of this dissertation;
(4) trees are incremented in height according to the 
height growth curve of the species under study. 
The construction of height growth curve will be 
demonstrated in Chapter III;
(5) an adjustment on height growth is then made 
according to each tree's competitive status;
(6) individual tree volume is calculated by a log- 
volume formula, which is based on the taper 
function defined for the species under study* .
The definition of taper function and the 
derivation of a log-volume formula will be 
presented in Chapter IV;
(7) mortality is simulated by killing some trees
of high risk. The selection of death or vitality 
for a particular tree is dependent on chance;
(8) stand volume is the summation of all surviving
7
individual tree's volume;
(9) periodical reports on (a) number of trees,
(b) distribution of competition indices, (c) 
height growth and growth rate, (d) volume growth 
and growth rate, and (e) mortality are prepared;
(10) the model is calibrated by both new and old data;
(11) start simulating the next growth period.
If thinning is a desirable activity, it can be simulated 
with mortality separately or simultaneously. If fertiliza­
tion is practiced, its response may be simulated by adjusting 
height increment.
The field data used in this study had been collected 
from different regions of Louisiana and at different times. 
These data are described in Appendix A of this dissertation.
In the following three chapters, I elaborate on the 
mathematical methods of constructing competition indices, 
height growth curves, taper functions and log-volume formula. 
Chapter V contains an analytical review of current concep­
tions of mortality. The author summarizes results of this 
study in Chapter VI.
CHAPTER II
A REVISION OF KEISTER'S COMPETITION INDEX
Keister (1966) developed a method for estimating the 
intraspecific competition as a measure of stand density. He 
believed that if the competition an individual tree was 
receiving from surrounding trees could be objectively 
measured, then the degree of thinning could be measured 
by determining the reduction of this competition following 
the thinning. Later, Keister (1971) used his theoretical 
competition index in predicting diameter growth and in 
measuring thinning intensity. He found that the index was 
a valid measure of competition and that the index might be 
used to measure the release from competition obtained by 
thinning. Keister felt that results found in the above 
studies were not conclusive and should be continued.
It is believed that the growth rate of an individual 
stand-growing tree is strongly affected by intraspecific 
competition. Thus, the measure of competition should be 
carefully studied, especially for studies in which growth 
will be simulated according to a competition index. In this 
chapter, the author will discuss egressions of stand density, 
competition index and present his idea for improving a measure
of competition, based on Keister's work.
Past Knowledge and Experience
The Problem of Measuring Stand Density
Forest trees tend to increase yearly in height, bole 
size, branch length, number of leaves, and length of tap 
and lateral roots. As trees grow, more space is necessrily 
utilized, . When there is no space readily available, trees 
start competing with other trees in the stand for space in 
order to grow. Accordingly, the growth rate of a single 
tree is greatly affected by the amount of space available 
to the tree. Foresters always have had great interest in 
the study of this intraspecific competition. Over the years, 
forestry literature has dealt repeatedly with the measure 
of competition and the effect of competition on growth. 
Keister (1966) has given a thorough review of the subject.
It is customary for foresters to measure competition 
in terms of density or stocking. Stocking is often defined 
as the number of trees, regularly spaced, on an area of a 
given size, but it has also been measured in many ways other 
than a tree count. Many researchers have proposed the use 
of number of trees per unit of area combined with tree dia­
meter as a better measure of stand density (Reineke 1933, 
Chisman and Shumacher 1940). Instead of using diameter,
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some foresters favored the use of the number of trees and 
the mean height of the stand to measure density (Wilson 
1946, Gevorkiantzl947) . Several foresters have suggested 
using basal area to assess stand density (Davis 1935, Cottam 
and Curtis 1956), while others suggested the use of crown 
width (Wiley 1959, Krajicek and Brinkman 1957), or crown 
ratio (Ward 1964), or both (Arnold 1949).
Before turning to the next phase of our discussion, 
let us summarize the ground we have covered up to this point. 
In almost all expressions for measuring stand density, one 
or more than one of the following factors have been used. 
These factors are number of trees, spacing, crown, diameter 
and height. Number of trees and spacing are stand factors, 
and crown, diameter and height are geometric figures of 
individual trees. The number of trees on a given area and 
the spacing are constantly changing as time advances.
Crown, diameter and height are considered to be affected 
by spacing and/or number of trees. For example, Smith (1964) 
noted that the extent of crown-spread was controlled by 
variation in stand density. In addition, these three geome­
tric figures are interrelated. Wiley (1959) noted that a 
correlation existed between the crown diameter and the dbh 
of the tree. Krajicek and Brinkman (1957) reported a strong 
correlation between diameter and crown area. In a study of
11
density measurements of Douglas-fir (Pseudotsuga menziesii 
Franco^. Briegleb (1952) found that crown width and crown 
length were both related to the diameter and height of the 
tree.
In developing an expression of density, or in dealing 
with any other problem of forest mensuration, we are often 
confronted with the problem of deciding how many variables 
to use and which variables to use in a given case. It is of 
course, entirely impractical to use them all. In fact, it 
is not universally true that the addition of one or more cor­
related variables will significantly improve the accuracy of 
our estimations. It may be found that the possible improve­
ment is small, and the complication of the technique, which 
is inevitable, may lead to errors in the analysis of the data 
or in the application of the results. It seems obvious that 
the number of trees and spacing should be used in the expres­
sion of, density since stand density describes the degree of 
crowding of individual trees within the portion of the area 
actually stocked with trees (Smith and Bailey 1964).
There should be only one geometric figure included in 
an expression of stand density. The reason for using the 
geometric figure of trees is that it reflects the effect of 
crowding. The geometric figure used should be the one that 
is most capable of indicating the effect of density upon
12
tree growth.
The Problem of Defining the Influence Circle
Whether open-grown or stand-grown, the space a tree 
occupies is three-dimensional. This space was thought of 
as "an irregularly shaped 'solid' that extends vertically 
from the deepest root to the tips of the branches and, 
underground, to the tips of the widest spread roots" (Johnson 
1973). Johnson called this space "maximum potential grow­
ing space" whose magnitude is considered to be proportional 
to the size of the tree and whose horizontal extent is 
probably greater underground than it is above ground. In 
the case of stand-grown trees, the spaces occupied by two 
or more trees in a cluster may overlap. This overlapping 
of growing spaces signifies the onset of competition. Two 
prototypical overlapping of such growing spaces are depicted 
in Figure 1. It is worth noting that the solids, represent­
ing trees' growing spaces, in the figure have been regular­
ized. The actual shape of spaces occupied by trees could 
be quite irregular. Theoretically, any overlap or inter­
penetration of the solids constitutes an estimation of 
competition among trees. A direct evaluation of the volume 
of overlap is difficult, if not impossible, because of the 
irregularity of the solids. A mathematical model (regular
Figure 1. Regularized tree-growing spaces and overlapping of growing spaces.
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geometric solids) can be used to approximate the actual 
situation. However, there seems to be a problem in validat­
ing such a model. Practical foresters have considered that 
the vertical dimension of a three-dimensional model is of 
little significance and can be ignored (Johnson 1973)• In 
reality, foresters have used a two-dimensional model, the 
magnitude of the overlap between horizontal cross-sections 
of the solids, as a measure of competitive stress. This 
horizontal cross-section has gained various names from 
different workers. It was named "influence circle" by 
Keister (1966) in the course of developing a competition 
index and this term will be used in this discussion.
Staebler (1951) was the first to use the concept of 
overlapping influence circles to evaluate competitive stress 
exerted upon individual trees. He assumed that the growing 
space occupied by an individual tree was circular and that 
the radius of the area was related to the diameter of the 
tree. Competition occurred within the area where two of 
these circular areas overlapped. He believed that the com­
petitive stress upon an individual tree was directly propor­
tional to the amount of overlap of its circle. To define 
a tree's influence circle, he related the diameter through 
the linear relationship:
15
DIG = (a + bD) ' (1)
where DIC = diameter of the influence circle in feet;
D = dbh (o.b.) of tree in inches;
a and b = constants.
Krajicek et al. (1957, 1961) used an idea that the 
size of the influence circle is closely approximated by the 
crown width of open-grown trees and that this crown width 
is closely related to dbh. This relationship was estab­
lished by the regression equation:
DCR = a + bD (2)
where DCR = diameter of crown in feet;
D = dbh (o.b.) of tree in inches;
a and b = regression coefficients.
In this procedure, the radius of the influence circle 
is equivalent to ^ DCR.
Newnham (1964) used this approach, with modification, 
to define the size of the influence circle. Based on the 
premise that the crowns of open-grown trees approximately 
define their rooting areas, he calculated the radius of the 
influence circle from the crown width/dbh regression equation 
for open-grown trees. He also recognized that the actual 
influence circle of a tree in a closed stand probably did 
not coincide with the crown width of an open-grown tree of 
the same dbh. Furthermore, the lack of coincidence probably
16
was a function of stand age and initial spacing. To modify 
the influence circle of a stand-grown tree when intraspecific 
competition has commenced, he included a correction factor 
(K) in Equation 2. The new equation read as:
DCR = a + bDK (3)
The value of K was found to be different for different combi­
nations of stand age and initial spacing.
Bella (1969) used an equation essentially the same as 
Equation 3 to estimate the size of influence circle. He 
found that the magnitude of the correction factor would be 
dependent on species and, probably, age and site as well.
Opie (1968) employed the concept of "zones of influ­
ence" to calculate the size of the influence circle. He 
established a relationship between the size of the influence 
circle and the size of the dbh of a tree by the equation:
RIC = aD (4)
where RIC = radius of influence circle in feet;
D = dbh (o.b.) in inches; 
a — constant.
He found different values of a. for different site classes.
He also noted that the variability of this relationship was 
high, especially with large dbh.
Keister (1971) defined the size of the influence circle 
by the equation:
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RIC = (HC)/M (5)
where H = tree height in feet;
C = crown radius in feet;
M = dead-limb length in feet.
His rational for using this procedure was that the size of 
the influence circle is not only a functional of dbh but is 
also regulated by both tree height and length of live crown.
He pointed out that crown radius, used by Newriham (1964)and 
Bella, (1969) was only one parameter of tree size and did 
not suffice to indicate the overall size of the tree. He 
hypothesized that the size of the influence circle was decided 
by the competition the individual trees have esqperienced in 
the past and would be reflected by the overall size of the 
individual trees. A combination of height, diameter and 
crown radius would thus be a better reflection of tree size, 
as well as the size of influence circle, than any single 
measure. For example, if two trees have the same dbh, the 
one that is taller and/or has a deeper live crown should 
have a competitive advantage over the other.
A new and important concept has been introduced by 
Keister* The influence circle should not be an imaginary 
circle around each tree, whose radius is estimable because 
it is hypothetically related to the crown of an open-grown 
tree (Newriham and Mucha 1971)• If competition does exist
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among trees, and is expressible by the area of overlapping, 
then there is a physical counterpart of the influence circle. 
The size of this circle should be estimated through the phy­
sical dimensions of the trees, as was done by Keister, rather 
than conceptually approximated by an open-grown tree's geo­
metrical figure, which is, in fact, an unknown if applied to 
the stand-grown conditions. Keister's significant contribu­
tion in this field is that he grasped the dynamic nature of 
a forest stand. This is lucidly set forth by his words 
"Trees..... differ in their relationship of height to diameter 
according to differences in competition the individual trees 
have experienced in the past" and "It is important to realize 
that competition is dynamic, increasing or decreasing as 
trees grow or die" (Keister 1971).
Unfortunately, Keister (1971) did not succeed in his 
estimation of the influence circle nor in the prediction of 
growth based on a competition index. The inclusion of addi­
tional related variables in Keister's equation (Equation 5) 
furnished less information than was originally expected.
The method of calculating the size of influence circle 
is essential in defining intraspecific competition. The 
size of the influence circle decides the area of overlapping 
and the inclusion or exclusion of neighboring trees as com­
petitors. With unreliable estimation, one can not objectively
19
qualify competitors but must depend on the necessity of 
guesswork (Gerrard 1969b)• Only when a precise estimation 
equation which takes into account all the subject tree's 
competitors but ignores all noncompetitors is obtained can 
a competition index be calculated accurately. We do not 
know whether the size of influence circle is related to 
lateral root extent, because root extent is hard to measure. 
In forestry literature, there is a wealth of material on the 
growth of roots, the root surface area and root distribution. 
But regarding the extent of lateral rooting, even the most 
basic data are lacking, and entirely lacking regarding the 
change of lateral root extension with initial spacing, site, 
slope, species, and especially time. If the sizes of influ­
ence circles do indeed involve root extent rather than crown 
spread (Johnson 1973), then it is time for us to dig into 
the ground.
After the size of the influence circle is defined, the 
overlapping area can be measured on the basis of relative 
tree size and position in a stand.
The Problem of Calculating the Area of Overlap
Staebler (1951) , who first used the concept of over­
lapping influence circles to evaluate competitive stress 
against individual trees, considered the "area of overlap"
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of influence circles to be the most desirable measure of 
competition. However, Staebler thought that the mathemati­
cal expression required to compute this area was too compli­
cated (his work was not facilitated by electronic computing 
devices)• Instead, he used the length of the portion of the 
line connecting the centers of the two circles and lying 
within both circles. This length will be called overlap- 
length in .this review. If more than one competitor was 
involved, Staebler used the sum of overlap-lengths between 
the subject tree and each of its competitors as the measure 
of competition. This sum of overlap lengths was referred 
to by Staebler, as an "index of competition", and had as 
its formula:
n
Cl = E L. (6)
i=l 1
where Cl = competition index;
L = length of line segment within the circles of
^1tthe subject tree and the i competitor; 
n = number of competitors.
Staebler realized that a single long overlap-length 
would indicate a greater degree of competition than would 
an equal sum of several short overlap-lengths. To compen­
sate for this difference in competition he redefined the 
competition index as the sum of squares of overlap-lengths:
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n
Cl = E (7)
i=l 1
In addition, he recognized that a large tree might 
have a greater competitive ability over that of a small tree. 
To compensate for the effect of tree size in competition he 
multiplied the squared overlap-lengths by the dbh's of the 
competitors. This gave the competition index a new formula: 
n
Cl = e (LiDiJ <8)i=l
t l " lin which designated the dbh of the i competitor.
Even with the improved formula, Staebler failed to
express competition of individual trees adequately. He found 
that the competition indices calculated from Equation 8 were, 
in certain situations, large for large trees and small for 
small trees. This means that small trees receive less severe 
competitive stresses than do large trees, which is contrary 
to the common belief that a larger tree has a higher degree 
of dominance over its smaller neighbors and is supposed to 
have less competitive stress. Staebler went further by 
dividing each of his indices by an “area proportional factor" 
which was expressed as:
APF = (a + b/2(Ds + Davg) ) V lO O)
where APF = area proportional factor;
a = arbitrarily chosen y-intercept;
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b =* arbitrarily chosen multiplying coefficient;
D = dbh (o.b.) of subject tree; s
D = average stand dbh (o.b.). avg
The values of a used in Staebler1s study were 3, 5 and 7, 
and the values of b used were 0.8, 1.2, and 1.9.
Staebler*s original idea of measuring competition 
against individual trees was brilliant. Unfortunately, he 
failed to express it mathematically. His failure to express 
the competition index was not due to lack of a computing 
device but to inadequate formulation. The following points 
should suffice to explain the shortages of his formulation.
First, the area represented by the squared overlap- 
length was not, in all cases, equal to the area of over­
lapping. For example, Figure 2 shows two situations where 
the subject tree competes with a smaller tree. In the first 
situation (Part A, Figure 2), the relation of two influence 
circles are interior, and in the second situation (Part B, 
Figure 2), the two influence circles intersect. In Figure 
2, the solid line is the overlap-length and the area en­
closed in the solid curve is, as defined by Staebler, the 
area of overlapping. The dotted square is the competition 
index of the subject tree as calculated from Equation 7.
Second, it is doubtful that the effect of a competitor's 






Figure 2. A graphical presentation of Staebler*s circle 
of influence, overlapping area and competition 
index.
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Figure 2# we can assume that the competitor is a 5-inch tree. 
According to Equation 8, the competition index of the sub­
ject tree should be equal to an area five times as large as 
the dotted square. The calculated competition index is thus 
represented graphically by the dotted square and the four 
hatched squares in Figure 2. It is clear that Equation 8 
overestimates the competition index because it overestimates 
the area of overlapping. This overestimation will be magni­
fied if the competitor's dbh is even larger.
Third, Staebler*s formula did not discount for the 
overlap of the overlapping areas. According to Equation 8, 
certain areas within the subject tree's influence circle 
could be counted several times if several competitors are 
close to each other. Dealing with the competitors one at 
a time might cause this to happen.
A large tree, according to Equation 1, has a larger 
influence circle than does a smaller tree and has, as a 
consequence, a larger number of competitors or a larger 
chance of overlapping with the influence circles of sur­
rounding trees. Thus, Staebler obtained larger competition 
indices for larger trees and smaller competition indices for 
smaller trees. He then elaborated and introduced an area 
proportional factor (Equation 9). In spite of those well- 
reasoned procedures, Staebler failed to remove much of the
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variation in growth from the regression equations that he 
developed to describe the diameter growth of individual 
trees.
Newnham (1964), in the course of investigating the 
competition exerted upon individual forest trees, devised 
a competition index that made use of influence circles. He 
specified that the competition index be equal to the pro­
portion of the circumference of the subject tree's influence 
circle enclosed by those of competitors. An equivalent 
expression is l/(2ir) times the sume of angles subtended at 
the circle center by the common chords of overlapping circles 
(Part A, Figure 3). His formula for calculating competition
index was as follows:
1 n
Cl = ----- 2 (0.x(DCR./DCR ) ) (10)
2 it i=l 1
where CX = competition index;
0̂  = the angle in radians, measured at the center of 
the subject tree's circle, subtended by the 
portion of the circumference overlapped by the 
i^1 competitor.
thDCR^ = diameter of the i competitor's circle of 
influence;
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Figure 3. A graphical presentation of Newnham’s circle
of influence, overlapping area and competition 
index.
27
As has been discussed before (Equation 3) , the values 
of DCR's in the above equation implied the sizes of crown 
which were established from the sizes of trees. Thus the 
(DCR^/DCRs) term is a weighting factor used to take into 
account the effect of size or the competitive advantage of 
a larger tree. This fractional expression seems more plau­
sible than Staebler*s multiplication expression because 
the relative size of both subject tree and competitor are 
considered. However, Newnham, like Staebler, also excluded 
the possible situation in which more than two trees can 
overlap the same area at the same time.
Since there is a possibility for many circles of in­
fluence to overlap that of the subject tree, it is possible 
for Cl to assume a value that is greater than 1 or 100 per­
cent.
Johnson (1973) examined Newnham*s work and found that 
his treatment of some situations of overlapping was illogical. 
For example, assume that the subject tree competes with a 
competitor which is smaller in size. If the two circles are 
tangent interior, the angle 0 in the above equation would 
assume a value of zero (Part B, Figure 3)• Consequently, 
there would be no competition exerted upon the subject tree. 
This is untrue. Now, if the relation of the two circles 
is interior (Part C, Figure 3), there would be no value for
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0. Newnham arbitrarily assigned a value of zero to 0 when 
this latter situation was encountered. Although Johnson 
(1973) thought that Newnham1s treatment of the above situa­
tions was illogical, he believed that the effect on the end 
result was minimal. He reasoned that "Any competitor small 
enough to occur under these situations probably exerts too
little pressure to be of consequence."
Fritts (1956), working on an individual tree growth 
study of beech (Fagus qrandifolia Ehrh.), developed a measure 
of competition index that involved the overlapping of influ­
ence circles. Fritts defined the diameter of a tree's influ­
ence circle (in feet) to be equal to twice its dbh (o.b. in
inches). To calculate his competition index, Fritts mapped 
the subject tree and its competitors, drew in the circles 
of influence on the map, measured the overlapping areas, and 
divided the sum by the area of the subject tree's influence 
circle to obtain the proportion under competition.
Keister (1966) in his study of thinning methods in 
slash pine plantations, independently derived a measure of 
competition index. Instead of using either the overlap- 
length or the angle measure of overlapping circles, he used 
the ratio of area of overlapping to the area of the subject 
tree's influence circle to measure the effect of competition 
exerted upon the subject tree by a single competitor. The
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sume of the ratios was defined as the total competition or 
competition index (Part A, Figure 4): 
n
Cl = 2 0./(R|tt) (11)
i=l
where Cl = competition index;
0^ = the area of overlap of the subject tree's
influence circle and that of the i competitor;
Rs = the radius of the circle of influence of the 
subject tree;
n = number of competitors.
Keister, in defining his competition index, stated 
that if the subject tree's entire circle was overlapped by 
a single tree the competition received would be unity. If 
the sum of the areas of overlapping is greater than the area 
of the subject tree's influence circle, a competition index 
greater than 1 will be assigned to the subject tree even if 
there is an area within its influence circle that is free 
from competition (Part B, Figure 4) • This competition index 
has an interval {0,n}. Keister also noted that the index 
values of all trees in a stand were normally distributed, 
so the index values of a random sanqple of the trees in a 
stand could therefore be used to estimate an average index 
value for the entire stand. Furthermore, he thought that 










Figure 4. A graphical presentation of Keister's circle
of influence, overlapping area and competition 
index (Part A), and the overlap of overlapping 
areas (Part B).
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stands should indicate differences in stand density among 
stands, and a comparison of pre- and after-thinning index 
values would facilitate growth studies.
Later, Keister (1971) used his competition index to 
test the effect of competition upon tree growth. By using 
Equation 11, he recognized an undesirable result— that a 
large subject tree in a given situation would have a larger 
competition index than would a small subject tree.
In order to overcome this problem, Keister included 
the variable (Cl/n) in his diameter-growth prediction equa­
tion, together with competition index, number of competitors 
and initial diameter of the subject tree. However in the 
course of his study, Keister discarded the variable (Cl/n) 
and used the natural logarithm of (Cl/n) as a substitute.
This modification was based on the analytical result which 
indicated that the effect of (Cl/n) on growth might be 
curvilinear.
From this study, Keister found that (1) his competition 
index was rather crude and did not measure competition pre­
cisely, (2) the initial tree diameter was the best single 
variable for predicting diameter growth, and approximately 
50 percent of the total variation in growth was accounted 
for by this variable, and (3) the addition of the index 
value into the growth equation accounted only for a slight
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but statistically significant improvement in the growth 
prediction,
Keister concluded: first, diameter growth, as origi­
nally thought, was subject to modification by other factors 
such as those of the environment, because when initial tree 
diameter was used alone it accounted for only 50 percent of 
the variation; second, competition index was designed as a 
measure of environmental stresses exerted upon tree growth 
and this index did seem to give a good approximation of 
competition in that it was a significant variable in equa­
tions for predicting individual tree growth; third, this 
competition index was not a precise measure of intraspecific 
competition because it accounted for only a slight improve­
ment in the growth equation; and, finally, an improvement 
in calculation of competition index was needed to improve 
growth prediction.
Since 1966 there has been a flux of publications on 
competition index, Opie (1968) postulated a method called 
"zone count" and used it in predicting basal area increment 
for individual trees of an even-aged stand in Australia. 
Gerrard (1969a, 1969b) used a method termed "competition 
quotient", similar to Keister's (1966) competition index, to 
test competition upon periodic basal area growth of an oak- 
hickory stand in central Michigan, Bella (1969, 1971), like
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Keister and Gerrard, used an area measure of overlap in his 
competition index and tested competition effect on tree 
growth.
Some of these studies have made comparison among 
various competition indices. Gerrard (1969b) found his 
index to be consistently superior to other measures of 
competition for predicting future basal area growth. How­
ever, the contribution of the competition quotient to the 
growth regression was disappointingly small. Bella (1971) 
compared the results obtained from his index with those of 
Fritts, Gerrard, and Opie and found that his procedure 
yielded a significantly better estimate of growth than any 
of the others. Johnson (1973), based on subsequent growth 
data of southern pines, compared Staebler's, Newnham*s, 
Gerrard's, Bella's and Opie's competition indices. He con­
cluded that: (1) No competition index was closely related
to an individual tree * s dbh growth or basal-area growth.
(2) No expression of competition index was clearly better 
than the others as a predictor of tree growth. (3) Crown 
class must be recognized whenever competition index was to 
be a factor in a study. (4) The relationship between growth 
and competition index might be curvilinear, but this tendency 
was so slight that it probably could be ignored. (5) Average 
stand density, measured in terms of basal area per acre, was
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just about as good a predictor of individual tree growth as 
was competition index.
Based on his findings, Johnson believed that the exist­
ing competition indices were not functioning as expected and 
suggested that a new approach to the problem of evaluation 
of competitive stress on individual trees would have to be 
developed.
Procedures For Calculating a Competition Index
The Analysis of the Problem
Prior to taking any step in the re-evaluation of com­
petition index, we should acquire a clear understanding 
about the defects inherent in the existing competition 
indices. Lack of true understanding will lead to arbitrary 
inferences and add to the confusion. For example, both 
Keister (1971) and Gerrard (1969b) used area measures of 
overlapping circles to compute competition indices. These 
two indices are similar, as previously noted. Keister used 
his index to predict diameter growth and to test the effect 
of reduction in competition following thinning. The test 
was made on growth data of pure even-aged plantations. With 
unsatisfactory and inconclusive results, Keister stated that 
1 .....this measure of competition would prove much more 
effective in natural stands in which trees tend to be in
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clumps rather than in regular rows." On the other hand, 
Gerrard used his competition index for predicting basal 
area increment on an undisturbed oak-hickory stand in cen­
tral Michigan. With insignificant results, Gerrard inferred 
that "....it would seem that further investigation along 
this line should be directed at pure stands, preferably 
plantations, wherein the factors controlling the performance 
of individual trees are far less numerous and more susceptible 
to measurement.1
Before getting into the discussion of the defects of 
existing indices, I would like to emphasize that the original 
concepts of an influence circle, overlapping, distance and 
tree size dependence are as good as they were conceived to 
be. The contributions of fellow workers are significant and 
helpful and they provided a foundation for later investiga­
tions, such as this one. In essence, our failure of using 
competition index in predicting tree growth is mainly due 
to the failure of estimating the size of the influence 
circle.
In the process of calculating the sum of overlapping 
areas, none of the previous equations accounted for the 
overlap of overlapping areas. Thus, it created the possi­
bility that the sum of the sum of overlapping areas of all 
trees within a fixed area could be larger than the actual
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size of the area where trees were growing* This is hard to 
imagine because it implies that either the roots or the crowns 
have expanded outside the physical boundary of the area under 
investigation. Keister (1971), in his study of competition 
index and thinning methods, proposed to use the average in­
dex values of all trees within a stand as a norm to compare 
differences in stand density among stands. He also proposed 
to study the distribution and variation of competition indices 
in a stand so that statistical comparison could be made among 
the average indices of several stands. This stand competi­
tion index should express competition that occurs within the 
physical boundary of the stand under consideration. We con­
fine ourselves to consideration of the competition occurring 
within the subject tree's influence circle when we talk 
about the individual-tree competition index. We should also 
confine ourselves to consideration of the competition that 
occurs within the boundary of a stand when we are discussing 
the stand competition index. The physical boundary of either 
a single tree or a stand is a necessary constraint in the 
calculation of competition index.
In attenuating to compensate for size differentials, 
some workers employed arbitrary weighting procedures. It 
is questionable if there is a necessity to adjust a tree*s 
competition index according to its size. The size effect
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or competitive advantage has already been considered in the 
calculation of the size of influence circle.
Some workers hold an opinion that a small competitor 
whose small influence circle is located within the influence 
circle of a large subject tree would exert too little stress 
to be of consequence. This idea is contradictory to the 
premise that competition occurs whenever and wherever area 
of overlapping exists. There has been no evidence or ex­
planation why we consider a large tree but not a small 
tree as a competitor. If a large tree has no advantage in 
competition, then a small tree should have a competitive 
advantage over a large tree when the areas of overlap are 







Figure 5. Relative competitive efficiencies.
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A Revision of Keister's Competition Index —  A Diagnostic 
Approach
The following text is a presentation of my ideas for 
improving the construction of competition index.
The Utilization Circle —  The Micro-site. At any epoch 
of a stand-grown tree's life span, there is an irregular­
shaped three-dimensional space wherein the tree is to obtain 
life sources to survive, maintain vigor and grow. Life 
sources, presumably evenly distributed within the space, are 
available to but not necessarily utilized by the tree —  the 
occupant. Certain parts of this space and the life sources 
contained within the space, the site factors, are possibly 
shared by several trees or occupants. Forest mensurationists 
have the opinion that the vertical dimension of this space 
is of little significance (Johnson 1973)• A two-dimensional 
geometric figure will be used to approximate this space in 
this study.
Since both roots and limbs, if not impeded, tend to 
grow away from the tree at nearly an even rate in all direc­
tions (Keister 1966), it seems reasonable to use a circular 
area, whose center is at the center of the stem, to represent 
this two-dimensional space. Recent studies on root distri­
bution have revealed that both the total root surface area 
(Schultz 1972) and the concentration of lateral root occupancy
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(Hannah 1972) are higher near the stem than at greater 
distances. In addition, the negative branches are those 
located low in the crown (Larson 1963) and extending farther 
away from the stem. They are less efficient and will shed 
earlier than those located above them. For these reasons, 
it seems reasonable to assume that the efficiency of a tree 
to utilize site factors within the circular area, the micro­
site or the utilization zone, is not uniform. Rather, it 
gradates in efficiency outward from the stem. Therefore, 
the utilization zone of a tree can be viewed as a composi­
tion of several concentric utilization belts (Figure 6).
The efficiency in utilizing site factors will decrease when 
the extent between the belt and the stem increases.
Figure 6. Sketch of competition belts.
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The Size of the Utilization Zone. Based on previous 
research results, the size of an individual tree's utiliza­
tion zone that represents the extent of the space it occupies 
is subject to the regulation of various factors. With the 
present knowledge we have, it is difficult to give an accurate 
estimation equation. It will not be defined in this work; 
however, the utilization zone will be designated by the 
symbol AU in the text which follows.
The Sampling Plot. It is conventional to use a fixed- 
radius plot centering on the sample trees to study the com­
petitive stress on trees within the plot. The plot size 
should be large enough to include all of the subject tree's 
competitors but should ignore as many as possible of the 
noncompetitors. The position of all trees in the plot should 
be located and mapped.
A Coordinate System for the Subject Tree's Utiliza­
tion Zone. In order to facilitate the calculation of utili­
zation rates of different regions of the utilization zone, 
it is necessary to have a coordinate system for all the 
trees in the plot. A rectangular-coordinate system is used 
in this study. It matches the system used for the sampling 
plot. In fact, the entire sampling plot is divided into 
small squares and every square and every tree in the plot
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are on the same coordinate system. Figure 7 is a sketch of 
the utilization zone and the coordinate system. The whole 
utilization zone has been divided into squares. It is 
believed that if the division is made even smaller, the 
sum of the squares will approximate the circular area. The 
center of each square, representing the area confined in 
the square, will be used in subsequent calculations. The 
size of the square will be designated by the symbol A in 
this text.
The Relative Efficiencies of Utilization Belts. It 
is assumed, in this study, that efficiency in utilization 
of site factors decreases with increasing distance from the 
stem. In Figure 7, the distance between the stem of the 
subject tree and the center of the outlined square in the 
first quadrant is d^. This distance for the outlined square 
in the third quadrant is d^. Since the efficiency of utili­
zation is considered higher closer to the stem, the relative 
efficiency of utilization is thus negatively proportional 
to the two distances (d^, d2) from the stem. If we use
the symbol EU^ to designate the relative efficiency of
tilutilization of the i square within the subject tree's 
utilization circle, then this relationship can be esq>ressed 
as:








Figure 7. Sketch of the utilization zone and the coordinate 
system.
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The Overlap of Utilization Zones and Recognition of 
Competitors. We can, at this point, begin to consider the 
overlap of utilization zones. The sizes of utilization zones 
should be estimated according to the sizes of the trees to­
gether with other factors that have regulatory effect on 
the size of utilization zone. After the sizes of utiliza­
tion zones are decided, the area of overlap is decided by 
the relative positions of trees in the sampling plot. In 
other words, the distances between the subject tree and its 
neighboring trees determine how much the zones overlap and 
how they overlap.
The circle, the circumference of the utilization 
zones, of the subject tree can hold one and only one of the 
following relations with the circle of its neighboring tree: 
(1) exterior, (2) tangent exterior, (3) intersect, (4) tan­
gent interior, and (5) interior. Since every tree in the 
sampling plot has its positions recorded by the coordinates, 
the above relations can be detected by the following condi­
tions. These conditions are, in the same order as above, 
that the distance between the subject tree and a neighboring 
tree is (1) greater than the sum of their radii, (2) equal 
to the sum of their radii, (3) less than the sum of their 
radii and greater than the difference of their radii, (4) 
equal to the difference of their radii, and (5) less than
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the difference of their radii. If any of the last three 
conditions is detected, the neighboring tree is regarded 
as a competitor.
The Calculation of the Distance Between the Center of 
the Square and the Center of the Circle. The distance be­
tween the center of the square and the center of the circle 
is essential in the calculation of relative efficiency and 
utilization.
By transformation of coordinates, we can move the 
origin from the center of the sampling plot to the center 
of the subject tree's circle. After this transformation 
the location of the center of the square is given by the 
formula:
and the new origin, and x and y are the coordinates of the 
center of the square after transformation (Figure 8)•
With this formula, we can find out whether the square 
is in a neighboring tree's circle. The three geometric con­
ditions which determine if a point is on the circle, or is 
in the interior or exterior of the circle, are given by the 
respective formulae
(13)
(A) / (x^ + yj) = BDc
(B) / (x2 + y") < RU
G  G  G
(1 4 )
The calculation of distances and the recognition of competitors.
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(C) / ( X 2  + y|) > RUc
where RUc designates the radius of utilization zone of the
neighboring tree, and x and y are the coordinates of thec c
center of the square with respect to the center of the 
circle of the neighboring tree (Figure 8) . If one of the 
first two conditions is detected, we regard the neighboring 
tree not only as a competitor to the subject tree but also 
an occupant of the square.
The Computation of Utilization, The utilization of 
the subject tree is the sum of the utilization of all the 
squares within its circle. Utilization is defined as the 
efficiency of a tree in utilizing the sites factors. It 
is represented by an area measure. In order to calculate 
the utilization of a square, it is necessary to know how 
many trees are occupying the square and how far they are 
from the square. In calculating the utilization of the 
square, I shall assume that each occupant has an equal 
opportunity to utilize site factors in the square. The 
implication of this assumption is that there is no privi­
lege given to either a large or a small tree. This does 
not mean that the life sources or the site will be equally 
divided among occupants. The ration of resources is divided 
according to the distance of each occupant from the square.
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The amount of life sources or site factors each tree is to 
obtain is calculated by the formula
n
u. = A( £ d./ d .) , for j = 1, 2......., n (15)
3 i=l
where n is the number of occupants. For example, when one 
tree competes (with the subject tree) for the site factors 
within the square, the distances of the subject tree and 
that of the competitor to the square are dg, and dc respect­
ively. According to Equation 15, the utilization of the 
square with respect to the subject tree is
us = A((ds + dc)/dg) (16)
and that of the competitor is
uc = A((ds + dc)/dc) (17)
The relative efficiency in utilization of the two 
trees is
d + ds c
A(---------- )
us _________J_________  dc (18)
uc ds + ac ds
*(--- 5----)c
which is the same relationship as defined in Equation 12.
The total utilization of the subject tree is thus 
expressed as 
m
U s =  I  V  ( 1 9 )
k=l
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where m is the number of squares in the circle.
If we link together the squares that have the same 
utilizations, we shall get a map that expresses the contour 
utilization belts. The essential gross features of utiliza­
tion belts are illustrated in Figure 9. For every square 
in the subject tree's utilization zone, i.e. the square has 
its center inside the circle, the number of competitors is 
marked at the upper left corner of the square and the utili­
zation is marked at the center of the square. The sample 
tree used in this illustration had a radius of utilization 
zone equal to 3.802 m (calculated from Equation 5), and had 
44 competitors.
The Competitive Stress. The competitive stress can 
be considered as the portion of the area within a tree's 
utilization zone that is utilized by the competitors, or 
the site factors that the subject tree loses control of 
through competition. The amount of competitive stress a 
tree receives can be calculated by subtracting a subject 
tree's utilization from the total area of its utilization 
zone. It will be represented by the symbol CS.
The Competition Index. There are three alternative 
ways to calculate competition index.
















Figure 9. The essential gross features of utilization 
belts.
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tree's utilization zone. An open-grown tree is considered 
to have a maximal utilization zone that is developed under 
the condition of no competitive stress. Thus, this maximal 
utilization zone can be used as a base of the index to be 
constructed, because every tree of the same size will be 
expected to have the same size of utilization circle. This 
idea has been used by Newnham (1964), Opie (1968), and some 
other workers in their construction of competition index.
It is not clear, except in Newnham1s study, whether this 
maximal utilization zone changes as time advances. By using 
this method, the size of the utilization zone should be repre^ 
sentative of the area of an open-grown tree's maximal utili­
zation zone.
This first competition index, CIq, can be defined as
Cl =* CS/AU (20)o
That is, the competition index of a subject tree is equal 
to the ratio of its competitive stress to its own utilization 
zone.
The second method uses the average spacing, symboli­
cally expressed as AS, as the base of the index. The average 
spacing is equal to the size of the sampling plot divided 
by the number of trees in the plot. This average spacing 
changes as time advances if mortality or artificial removal 
of trees has occurred in the sampling plot.
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The second competition index. Cl , can be defined as
a
CI = U/AS. (21)
ci
This competition index gives an indication of the competitive 
status of the subject tree. If CIa is greater than 1, we 
say that the subject tree has some competitive advantages.
If the value of CI is less than 1, then it is considered
a
as a poor competitor. Theoretically, this index value is 
unbounded.
The third method uses the mean competitive stress,
CSm, as the base of the index. The mean competitive stress 
is equal to the sum of the competitive stress of all trees 
in the sampling plot divided by the total number of trees.
The sum of the competitive stress is equivalent to the sum 
of the overlapped areas in the sampling plot. The value of 
CSm changes as time advances.
The third competition index, CIm, is then given by 
the formula
CIm = CS/CSm. (22)
This competition index represents the relative competitive 
stress the subject tree receives as compared to the mean 
competitive stress of the stand. It indicates the severity 
of the competitive stress the subject tree is receiving. 




Index numbers are devices for measuring differences 
in the magnitude of a particular variable, or a group of 
related variables. These differences may have to do with 
site productivity, or such a concept as "scenic beauty".
The comparisons may be between periods of time, places or 
like categories. In this chapter, I have proposed a method 
to construct a competition index to compare the competitive 
stress exerted upon individual trees in a stand. The method 
involves ideas such as utilization zone, tree size, dis­
tance dependence, and area of overlapping utilization 
zone s.
The space which a tree occupied was defined as the 
"utilization zone" or "micro-site". This space was repre­
sented by a circular area which would approximate the extent 
of roots and/or limbs. It was assumed that site factors or 
resources were evenly distributed within the space. Certain 
parts of this space and site factors contained within the 
space were possibly shared by several trees. Competition 
was considered to occur in the shared portions of the space. 
It was assumed that the efficiency of a tree to utilize site 
factors within the circular area decreased outward from its 
stem. Accordingly, the utilization zone of a tree was viewed
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as a composite of several concentric utilization belts. The 
relative efficiency of utilization belts was expressed by 
Equation 12. In this study, the detection of overlap of 
utilization zones and the recognition of competitors were 
made amenable by examining certain geometrical relations of 
circles, and the relation of a point to a circle. This 
method would include all of the subject tree's competitors 
but would exclude all of the noncompetitors provided that 
the size of the utilization circle was well defined. Utili­
zation was defined as the efficiency of a tree in utilizing 
the site factors. In order to calculate the utilization 
of the subject tree, a procedure which took account of the 
overlap of overlapping areas was proposed are presented 
mathematically by Equation 15 and Equation 19* The competi­
tive stress was defined as the site factors that the subject 
tree loses control of through competition. It was equivalent 
to the portion of the area within a tree's utilization zone 
that was utilized by the competitors.
Three alternative methods for constructing a competi­
tion index have been presented. The first method used the 
open-grown tree's maximal utilization zone as the base for 
the index. Some of the disadvantages in employing this 
concept have been discussed before. However, two points 
need further discussion. First, this index is not good for
54
comparative purposes. A tree belonging to a particular size 
class can have its index value compared only with the index 
values of trees of the same size class, because trees of 
different size classes have different bases of index. Second, 
reasoning by the logic of analogy, anything that is true of 
an individual should also be true of a group of individuals 
considered as a whole. If an individual tree in a stand has 
an imaginary maximal utilization zone, then a group of trees 
should have a maximal utilization zone. What is the maximal 
utilization zone of a clump of trees? Because of these two 
points and other disadvantages discussed previously, this 
method is considered to have small merit.
The second index uses the average spacing as the base 
of index while the third index uses the average competitive 
stress as the base of the index. Trees of different size, 
age, or species are made comparable because of the use of a 
common base of index. Together with growth data, the second 
competition index may be studied to find the adequate spac­
ing. Studies of the third competition index may reveal 
information on the reduction of growth due to competition.
Changes in the competition indices may be measured in 
order to control them. Thinning is, in part, an attempt to 
reduce competition. If index numbers show the competitive 
stress to be smaller after thinning, this result may be
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taken as an indication that the thinning policy is effective. 
The indices were not tested by field data. However, 
it is believed that the indices compiled by the new methods 
may be more accurate than Keister's competition index. Fur­
ther studies can be extended to measure (1) the dispersion 
of competition index, (2) shape of frequency distributions 
of competition index, and (3) comparisons among indices of 
different stands.
CHAPTER III
CONSTRUCTION OF HEIGHT GROWTH CURVE 
Past Knowledge and Experience
Int roduct ion
Height growth is the linear elongation of a tree's 
main stem, consisting of an increase in the quantities of 
accumulated tissues of phloem and xylem in the form of bark 
and wood. Individual tree height growth is usually measured 
in terms of increase in height or length of the main stem, 
and is influenced by the tree's genetic constitution inter­
acting with the environment in which the tree is growing.
Increase of tree height is non-linear, starting slowly 
at youth, then accelerating rapidly during the period of 
maturity and, finally decelerating in the transition of the 
period of senescence. The typical pattern of cumulative 
height growth is sigmoid. In the senescence stage, height 
growth slows down until the maximum size is reached and the 
curve becomes asymptotic.
Environmental influence upon height growth is mani­
fested through physical factors, such as climate, topography, 
soil, and biotic factors. The sum total of the interactions
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among these environmental factors is termed site quality. 
Environmental factors which influence the height growth of 
trees can be divided into two categories: factors which are 
transient and those which are stable. Stable factors such 
as soil texture, slope, aspect, and soil nutrient level, 
are considered to be appreciably unchangeable during the 
life of a tree (Husch 1963). Transient factors can fluctuate 
either cyclically or irregularly. Examples are the fluctua­
tions in weather or the stand competition among plants.
The forester measures past height in order to provide 
a means for predicting future height growth. Height-diameter 
curves, height-age curves, and site index curves are the 
three generally accepted methods of prediction. Height pre­
diction in forest practice is mainly concerned with the 
growth of stands rather than individual trees, although mea­
surement of height growth is applicable to both individual 
trees and stands. In fact, stand growth prediction must 
incorporate into the procedure some knowledge of individual 
tree height growth. There is an urgent need to develop an 
individual tree height growth prediction function if growth 
simulation is carried out from an individual tree approach.
It is for this purpose that a search for such a height-growth 
curve is exerted here.
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Height-diameter Curves and Height-age Curves
The growth phenomenon of plants is ordinarily studied 
on a time base. The increase in height of a tree of stand 
must be qualified by an expression of the period of time 
during which the increment occurred. For long-term projec­
tion, age of trees or, in this case, years of time passage 
is chosen as a time unit for studying height growth.
Although relating height increment to age is the most 
direct expression of growth, practical methods use a sub­
stitute for age, such a dbh, since it is easier to measure 
and is closely related to age.
There have, of course, been many empirical functions 
published in forestry literature. Most of these mathematical 
expressions have been spacial curves, lacking in generality, 
to fit a set of observations with greater or less skill. 
Therefore, my attempt has been to concentrate on reviewing 
only those expressions that have gained popularity.
The underlying assumption upon which the mathematical 
functions are based is that the total height of a forest tree 
belonging to a specific dbh class will be equal to the aver­
age tree height attained by similar trees of the same dbh 
class. Thus, the determination of functional form can be 
achieved by a least-squares estimation of the coefficients 
of regression equations of height on diameter. In the review
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of literature Which follows, H is used to denote total tree 
height and D represents diameter at breast height.
In Europe, both Henricksen's semi-logarithmic method,
H « a + b log D, and Stoffels1 log-log method, log H = a + 
b log D, are commonly used (Stoffels and Van Soest 1953).
In the United States, Meyer (1940) has described the use of 
an exponential equation. He used successive approximations 
of the least-squares solution to the exponential equation:
H = 4.5 + h(l - e aD), where h =  H - 4.5. The weakness of 
this equation, so clearly pointed out by Meyer himself, is 
that “The proposed expression for height curves provides 
an excellent fit to observed data only for trees larger than 
about five inches in diameter or older than 10 to 20 years.
It does not allow for an inflection of the height curve in 
the smallest diameter classes."
Trorey (1932) found that a parabolic equation, H = 4.5 
2+ b D - c D , can be used to describe the height-diameter 
relationship of many forest stands in Canada. He also assumed 
that only the ascending portion of the calculated curve was 
applicable and that once a maximum was reached the predicted 
height remained constant. The equation most commonly used 
in the Pacific Northwest for height-diameter relationships
2is the parabolic equation (Staebler 1954): H = a + b D - c D .  
This equation differs from that of Trorey*s in the use of a
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variable intercept in the equation instead of fixing it at 
4.5 which is assumed to be the height of dbh.
Ker and Smith (1955) compared the results obtained with 
these aforementioned expressions and also compared short­
cut approximations with more precise least-square solutions.
They found satisfactory results by using the parabolic ex-
2pression, H = 4 . 5 + b D - c D ,  fitted by approximation pro­
cedures. They also stated that it was quite logical to fix 
the intercept of the regression equation at 4.5, and argued 
that it would be quite illogical to originate height-diameter 
curves at any point other than H = 4.5, D = 0.
In a paper about uses of conditional regression in 
forestry, however, Kozak (1969) showed that Staebler's equa­
tion was biased if used unconditionally. He stated that it 
would be a mistake to fix the intercept of a height estimation 
equation at 4.5, in spite of the fact that the regression is 
highly significant. The prediction or estimation of the 
heights from Staebler's equation would be biased if the res­
triction that the intercept be equal to 4.5 was imposed at 
the time of curve fitting. The common mistake committed by 
using Staebler's conditioned regression equation is that when 
the sampling does not cover well the full range of the dbh 
classes, one still defines the intercept at 4.5
A relatively accurate height-age curve can be obtained
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by carrying out a stem analysis and plotting the measured 
tree height over age on ordinary cross-section paper. Such 
a height-age curve provides a reasonably good description 
of the relationship between tree height and tree age but 
not a description of a continuous height-growth trend of a 
time series. There have been other height-age curves pub­
lished to explain the course of development of tree height 
in relation to tree age. Curves of this sort often give 
a good result in estimating tree height. Unfortunately, 
they usually involve assumptions which could not possibly 
hold in any general biological law of growth. For example, 
Czarnowski (1961) has questioned the validity of the Weber- 
Tyurin formula which has the following functional form:
H = H (1 - — ~t"— ) max a-bP
where H = height of the dominant trees in the stand, 
a = age
H = maximum obtainable height of stand in a definite max
locality, a parameter fluctuating in different 
site classes, 
p = species parameter, and
b =* a parameter, fluctuating in different site classes, 
Czarnowski pointed out that there were two assumptions 
associated with the formula that were doubtful and thus
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rendered the equation untrue. In the first place, the func­
tion had no inflection point. This was contradictory to the 
fact that, in nature, the height-age curve has an inflection 
point at the age of height-growth culmination. Second, the 
derivative of the Weber-Tyurin function with respect to age 
was a constantly diminishing function within the domain 
{0 , +<»}, while the derivative of a function which demon­
strated the height growth trend should have its values equal 
to 0 at age 0 , equal to a value of maximum at an age between 
0  and + o o  , and approach 0  as age approaches infinity.
Height as a Measure of Site Productivity
The environment in which trees are growing is termed 
site (or habitat). Environmental influence on tree growth 
is manifested through physical factors, such as climate, 
topography, and soil, and biotic factors. The forest site 
quality is the sum total of the factors affecting the pro­
ductive capacity of an area of forest land. Site quality 
has been estimated by forest scientists in several ways:
(1) directly, in terms of quality and magnitude of the var­
ious site factors such as soil and topographic factors that 
influence the vegetation in question, (2) indirectly in terms 
of some measurable index that reflects the quality of site 
factors on the vegetation itself, such as trees or plant
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indicators, and (3) in terms of actual production of the 
vegetation in question (Heiberg and White 1956)•
Among various methods, site index, that is the average 
height of the dominant or dominant and codominant portion 
of the even-aged stand at a specific age, is the best-known 
and broadly used measure of forest productivity.
The common practice of determining site index depends 
on the use of a height-over-age growth curve to estimate the 
height at a base age. Site index and tree height, in this 
case, share a common meaning and can be used interchangeably. 
Most such curves have been based on a series of regression 
curves which have as their general form Log H = a + b (1/A), 
where H is tree height, A signifies age, and a and b are 
constants. This equation is based upon an important mensura- 
tional concept that growth percent varies inversely with age 
(Schumacher 1939). An equation, such as the one above, of 
a symmetrical logistic nature was considered to be suitable 
for depicting some cumulative growth patterns (Pearl 1930) •
If the base age for site index is substituted for A, then 
the above equation becomes a site index equation. All other 
work on site index has proceeded with the same techniques 
except that additional soil or other environmental factors 
have been used as independent variables for the least squares 
fit (Keister 1963) •
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In construction of site index curves, an average site 
index curve is obtained by least squares fit of average 
heights for trees of different age classes. The average 
site index for all sampled plots is the height as read from 
this curve for the base age. Curves for other site index 
classes are then constructed and spaced above or below the 
average curve in proportion to their height at the base age. 
This method of site index construction results in a harmo­
nized series of curves based on the implied assumption that 
the shape of a curve of height over age is the same for all 
sites.
Although this approach may give good results in many 
instances, there are weaknesses associated with the techni­
que. First and foremost, it is questionable that the sampled 
plots cover equally the range of age and site classes found 
under natural conditions. It is not easy, in general, to 
find plots of a broad range of ages, and, of course, it is 
quite improbable to cover equally the range of site classes 
before site index of various sampled plots is estimated. In 
the second place, this technique is sound only under the 
condition that the average site quality is the same for each 
class. If, as is often the case, this condition fails to be 
met, then the site index curve will either overestimate or 
underestimate the true site quality. This has been shown by
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Langdon's study (1959). He found that the standard site 
index curves (USDA 1929) overestimated the site index of 
young slash pine (Pinus elliottii Engelm.) stands in southern 
Florida.
A third weakness of the method is the assumption that 
the shape of a curve of height over age is the same for all 
sites. In many cases this hypothesis has proved untenable.
The process of harmonizing site index curves assumes that a 
good site will produce taller trees than a poor site at var­
ious stages of stand development. In other words, a tree 
growing on a good site will be taller than a tree growing on 
a poor site at all preceding and all subsequent ages. This 
assumption is in contrast to Carmean's (1970) finding that 
planted black walnut (Juglans nigra L.) trees on seven con­
trasting sites in southern Illinois showed rapid early growth, 
even on the poorer sites, but slowed abruptly after 10 years. 
Spurr (1952) discussed this problem and proposed the use of 
polymorphic site index curves as a substitute for the harmon­
ized site index curves.
Stand Density, Competition and Height Growth
American foresters have the long-established dictum 
that height growth depends upon site quality and is indepen­
dent from, or at least is less affected by stand density.
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This point of view has had tacit acceptance and has been 
embedded in almost all American yield-table work* However, 
there have also been many well-documented research results 
that admit the other side of the argument* Nearly six 
decades ago. Bates (1918) noted that in lodgepole pine 
(Pinus contorta Doug!,) height growth decreased with in­
creasing number of stems per unit area.
A series of reports on a study of the effects of stand 
density in the management of loblolly pine have consistently 
revealed the negative correlation between height growth and 
stand density (Hansbrough 1956, Hansbrough et al* 1964, Hans- 
brough 1968). The study was established at the North Louis­
iana Hill Farm Experiment Station in 1950 to determine the 
effects of initial spacing on the growth of loblolly pine* 
Seedlings were planted at spacings of 4 x 4, 6 x 6, 6 x 8, 
8 x 8, and 10 x 10 feet on the same site* Height and dbh 
measurements have been made annually since age five* Results 
of 12 years' mean stand growth showed a definite increase in 
height as spacing became wider* The greatest differences in 
height growth were found existing at the two extreme spac­
ings. This differentiation in height growth was also true 
when only the 50 tallest trees of each stand were considered* 
Hansbrough and his colleagues ascribed the differences in 
total height to inter-tree competition at the closer spacings*
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A subsequent report of the same study showed that, at age 
18, the differences in average diameter, total height and 
basal area resulting from differences in initial spacing 
were significant, especially between the 4 x 4  and 10 x 10- 
foot spacings (Hansbrough 1968). In addition, height growth 
of trees with wider spacing had shown a steady increase over 
that of trees growing at a narrower spacing since age 12.
In the Piedmont region, forest researchers found 
similar results. Balmer et al. (1975) studied the effect of 
four spacings (6 x 6 feet, 8 x 8 feet, 10 x 10 feet, 12 x 12 
feet) on loblolly pine growth. They found that average total 
height for the 6 x 6-foot spacing was significantly less at 
age 15 than for other spacings. Results showed no signifi­
cant difference in average height through age 7, but a trend 
began to appear by age 11. They forecasted the difference 
in average height between the 6 x 6-foot spacing and the 
wider spacings would become greater if the trend continued 
as it had through age 15.
Harms and Collins (1965), as reported in Bennett (1975), 
found that dominant heights at age 22 were negatively re­
lated to stand density in slash pine plantations. In order 
to determine if site was better for the wider spacings in 
the Harms and Collins study, Bennett (1975) adjusted dominant 
heights on the basis of number of surviving trees per acre
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for the widest spacing. After this adjustment for density 
effect, Bennett claimed that the site was not better for the 
wider spacings and that most of the observed height differ­
ence was attributable to the density effect. Collins (1967) 
reported that stand density of natural slash pine influenced 
height growth. Collins imposed three treatments on dense 
stands of natural slash pine in order to study stand-growth 
characteristics. The treatments were control, thinning to 
clumps of 6 to 8 trees at 10 x 10-foot spacings, and thinning 
to a single tree at 10 x 10-foot spacing. Fourteen years 
after treatment, he found that dominant height in single-tree 
plots was 10.6 feet greater than in the control plots and 4 
feet greater than in the clumps. Twenty years after treat­
ment, trees in the single-tree plots were, on the average,
15.7 feet taller than in the control plots and 9.9 feet 
taller than those in the clumps.
In seeking to develop a prediction equation that relates 
height to diameter of trees. Stage (1975) found that trees in 
lower crown classes move more steeply upward along the aver­
age height-age curve while dominant trees move along lines 
of the lower slope. The height prediction equation has a 
form as follows: ln(H) — a + b (D), where H is height of tree 
and D represents diameter at breast height. Stage stated 
that "the coefficients a and b depend upon the competitive
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status of the trees." This statement simply implies that 
tree height is affected by inter-tree competition and is 
detectable in mathematical analysis.
Studies of plant-water relationships (Kozlowski 1968, 
Kramer 1949, Slayter 1967) suggest a more theoretical view 
of this phenomenon. We know that water deficits curtail 
shoot, radial and root growth as the result of an undesir­
able balance between the internal environment of the system 
and that of the external. The cause of growth decrease is 
due to internal competition for growth substances which is 
generally induced by competition from the external portion 
of the system, the environment. A tree is an inert organism 
and maintains a fixed environment after its establishment. 
Its competitive status is largely decided by the distance 
to surrounding trees. Therefore, the denser the stand, 
the more competitive stress a tree is likely to receive.
As a consequence, a tree will grow less if the competitive 
stress is large. The magnitude of height growth gained by 
a tree reflects the success the tree achieved in competing 
for the material available for its growth.
In point of fact, I can not subscribe to the view that 
height growth is independent of stand density. The afore­
mentioned research results are not circumstantial evidences
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but are facts of most fundamental importance, I can, in 
fact, even now lay down my conclusion that the height 
growth of trees is regulated by competition which is affected 
by stand density.
If the problem is viewed in this way, then the question 
immediately arises, to what degree is tree height growth in­
fluenced by what degree of competitive stress? The answer 
is, of course, pending further research. However, it is 
considered safe to project a tree's height growth by the 
competition it has received, provided that competition is 
well quantified. This idea is the logical ground which per­
mits this author to propose the calculation of tree growth 
from height growth subjected to the adjustment of a competi­
tion index.
Procedures 
Analysis of General Growth Curve
Tree height growth follows a non-linear secular trend. 
From "the cradle to the grave," a tree experiences two tran­
sitions in height growth. The first is a transition from 
youth to maturity, and the other is a transition from matur­
ity to senescence. During its youth a tree grows slowly 
but continues to accelerate. The period of maturity indi­
cates that growth is changing from an accelerating rate to
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a constant rate and, during the senescence period, height 
growth increases with a decreasing rate and approaches an 
upper limit. Figure 10 shows a typical height growth curve, 
depicting the three stages of height growth. The first part 
of the curve concaves upward while the second part concaves 
downward. The two parts of the curve join smoothly at a 
point, the inflection point, which signifies height growth 
culmination.
Generally speaking, when empirical data correspond to 
a simple growth process and an approximation is desired for 
an infinite range of the independent variable, real exponen­
tial functions are appropriate coordinate functions (Hilde- 
brand 1974). The exponential curve, Y = ab , involves a 
constant ratio of change. This curve is not suitable for 
describing tree height growth, since height growth does not 
show a constant ratio of change over long periods of time.
The modified exponential curve has as its equation: Y — k + 
ab , where k is an upper limit or the upper asymptote. This 
curve not only describes a trend in which the amount of growth 
declines by a constant percentage, but the curve also appro­
aches an upper asymptote. This curve is not considered as 
a logical fit or a good description of height growth because 
in a typical height growth curve its first part is charac­
terized by positive acceleration. That is to say, it is
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increasing at an increasing rate.






Figure 10, Typical tree height growth curve
The other asymptotic growth curves that are commonly 
used in describing a growth process are the Gompertz curve 
and the logistic curve (Snedecor and Cochran 1967). The 
Gompertz curve (Gompertz 1825) describes a trend in which 
the growth increments of the logarithms are declining by a 
constant percentage. Thus, the natural values of the trend 
would show a declining ratio of increase, but the ratio does
not decrease by either a constant amount or a constant per-
bxcentage. The equation for the Gompertz curve is Y = ka ,
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which may be put in logarithmic form: Log Y = Log k +
Log a*b . This curve has an upper and a lower asymptote, the 
lower asymptote being zero. The curve depicts a time trend 
where the amount of growth is small at first, then becomes 
larger until it reaches a point of inflection, after which 
it declines and finally approaches an upper limit.
The logistic curve is, in its simplest form 1/Y = k + 
ab • From this expression it should be clear that it is 
merely a modified exponential in terms of the reciprocals 
of the Y values; the first differences of the reciprocals 
of the Y values are declining by a constant percentage.
This curve is often written as:
Y  = T r j w ' ' <23)1 + me
Q O y.
where F(X) = a-̂ X + + .... + aQX , which are
the first n terms of a Taylor Expansion.
In practical use, Equation 23 represents a case of growth 
when an is less than zero and a case of decay when an is 
greater than zero.
The points of inflection of Equation 23 are determined 
by the intersection of Equation 23 with the curve
k F" (X)
Y = ----  (1 --- 5---  ) (24)
2 (F'(X))
As early as 1838, P. F. Verhulst (1838, 1844) had used this
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same curve, which he called the "logistic curve", as the 
expression of the law of population growth. After 1920, 
Raymond Pearl and Lowell J. Reed, working independently, 
published three papers (Pearl and Reed 1920, 1923, 1924) 
on the subject of population growth. The logistic curve is 
not infrequently referred to as the Pearl-Reed curve. The 
curve is considered to be able to describe growth phenomena 
over the entire life of an organism and holds for any dimen­
sion of trees (Husch 1963) . It has been used to estimate 
the volume yield of loblolly pine with satisfactory results 
(MacKinney et al. 1937).
The Gompertz and logistic curves are similar in that 
they both can be used to describe an increasing series 
which is increasing by a decreasing percentage of growth, 
or a decreasing series which is decreasing by a decreasing 
percentage of decline. Further, they are particularly use­
ful in forecasting the trend of future growth. They differ 
in that the Gompertz curve involves a constant ratio of 
successive first differences of the log Y values, while the 
logistic curve entails a constant ratio of successive first 
differences of the 1/Y values.
Two test rules have been adopted to measure which of . 
the above curves is more useful for depicting tree height 
growth. These are (1) if the first differences of the
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logarithms are changing by a constant percentage, use a 
Gompertz curve, and (2) if the first differences of the 
reciprocals are changing by a constant percentage, use a 
logistic curve.
The Formulation of Tree-Heiqht Growth Curve
After analysis of Data Group V (Appendix A) we found 
that the trend of tree height growth followed a logistic 
curve closer than a Gompertz curve. Therefore, a logistic 
curve of the type of Equation 23 was selected to be used as 
a prototype in tracing tree height growth.
Equation 23 needs to be modified in order to satisfy 
some specific features of tree height growth. Since there 
is only one inflection point on a height growth curve, we 
may limit Equation 23 by stopping at the third power of X. 
This gives the equation
k
Y = -------------------------------------- (25)
, , a , X + a, X2 + a, X3 1 + m e 1 2 3
Another reason for adopting a third degree polynonial as
the time function, F(X), is that asymmetric or skewed curves
can only arise when Equation 23 has no real roots, and an
odd value of n may yield this form of curve. Thus, the
height growth curve is free of two undesirable restrictive
features: (1) location of the point of inflection in the
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middle, and (2) symmetry of the two limbs of the curve.
As was noted before, Equation 25 represents an increas­
ing series only if a^ is negative. Thus, we limit a^ to nega­
tive values. In Equation 25, if m becomes negative the curve 
becomes discontinuous within finite time. Since this cannot 
occur in the case of height growth of trees, we shall restrict 
our further consideration of the equation to positive values 
of m. Also, since different tree species have different 
obtainable maximum heights, we introduced a species para­
meter into the equation. It was decided, with prior Know­
ledge, to assign a positive value to the upper asymptote, k, 
of the equation. Thus the value of k varies as the equation 
is applied to different tree species.
Considered generally, Equation 25 may be written
Hmax (26)H
1 + mea,t+a2t2+ a,t3* * 9
where H = y = tree height in meters
Hmax = k = the maximum obtainable height at infinite
time for a given species, and
t = X = time in years
Now, the rate of change of H with respect to t is
given by
dH H " H)P’(t) ;max (27)dt
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therefore, the rate of growth of tree height varies directly 
with (1) tree height, (2) the maximum obtainable height 
minus the present tree height, and (3) a function of time.
The point of inflection, that is to say, the point of 
maximum height growth rate, is now determined by the inter­
section of Equation 26 with the curve
H F"(t)
H = 2 (1 - (p * (t) j2  ̂ ^
Equation 26 is considered to be a theoretical height growth 
equation. The time function can be a one or a three-degree 
polynomial depending upon the data used in curve fitting.
There are certain merits to using the theoretical 
growth equation for estimating height growth. First of all, 
this curve traces the general trend of height growth for a 
certain species. This is extraordinarily useful in growth 
simulation studies, since it not only traces individual —  
but also population (stand in the present case)— growth. For 
individual height growth, growth is subject to the regulation 
of competitive stress. Thus height-growth differentiation 
can be made by matching the range of competition indices 
with the confidence interval of the height growth curve. 
Second, the curve provides a basis for comparison between 
trees grown under different conditions. For instance, it 
can be used to compare the trend of height growth of trees
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that received intensive culture treatment versus that of 
the control* It can also be used to test the effect of con­
ventional silvicultural practices such as thinning, pruning, 
etc* The curve can be used to examine the height growth 
trends of trees from different geographic or genetic seed 
sources. Finally, it can be used for the planning of thin­
ning schedules. In his book The Practice of Silviculture, 
Smith (1962) remarked:
"A thinning schedule must be based on some 
expression of the stage of development of the 
stand* The age of the stand is customarily used 
because it provides the only basis for determining 
the actual rate of growth* However, this leads 
to complications, at least in the derivations of 
thinning schedules, because stands on good sites 
go through about the same sequence of development 
faster than those in poor sites. If age is used 
as the sole criterion of stage development, it is 
necessary to have a different thinning schedule 
for each site-quality class. However, if the range 
of sites is small, stand height can be used as a 
criterion of stand development in which both sites 
quality and age are integrated,"
The problem of integrating site quality and age can be
solved easily for stands of a wide range of site classes
if the inflection point of the growth curve is used as the
guide for thinning. Since the inflection point of the curve
indicates the location of the maximum growth rate, it is
possible to apply thinning at the age where the inflection
point is located. Subsequent thinnings can be done in the
same way, provided that the curve is refitted periodically.
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This curve can also be used in assessing loss of height 
growth due to defoliation or site deterioration.
Results and Conclusions 
Application of Tree-height Growth Curve - Case Study I
A tree-height growth equation (26) has been used to 
fit height growth data of various kinds of trees and always 
with similar results. My discussion will be based on the 
results of four case studies. The first case study, results 
of which are shown graphically in Figure 11, and numerically 
in Table 1, is an illustration of how a single tree's height 
growth data can be fitted to the growth equation. The tree 
used was chosen from Data Group VI (Appendix A) . Its age 
and height values were derived from stem analysis and are 
listed in columns 2 and 3 of Table 1, respectively. Column 
4 shows trend values read from the growth curve and column 5 
contains the residuals. The theoretical curve has been ex­
tended, in the form of dotted lines, beyond the observed 
data points. These dotted lines represent the probable 
future height the sample tree is to attain.
When extrapolated, the curve forecasts the height 
which would be attained at age 55 as 31.6 meters and that 
which should be attained at age 60 as 33.3 meters. The 














Figure 11. Height growth curve of a single loblolly pine tree. Points 




Table 1. Measured and predicted height values of a single 

















1 0 0.00** 0.61 -0.61
2 1 0.20 0.85 -0.65
3 1 0.57 0.85 -0.28
4 2 1.14 1.17 -0.03
5 3 1.71 1.57 0.14
6 5 2.28 2.63 -0.35
7 6 2.85 3.30 -0.45
8 9 5.70 5.81 -0.11
9 11 8.54 7.73 0.81
10 14 11.39 10.64 0.75
11 19 14.24 14.64 -0.40
12 26 17.08 17.94 -0.86
13 34 19.93 20.10 -0.17
14 39 22.78 21.76 1.02
15 45 24.21 24.94 -0.73
16 46 25.63 25.60 0.03
17 47 27.06 26.29 0.77
18 51 28.52 29.15 -0.63
* The residual sum of squares is 5.92.
**A11 figures have been rounded to the nearest .01 m.
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it. It will be noted that the fitted height growth curve 
covers about 70 years, which is beyond the rotation age 
commonly adopted for southern pine. Actually the basis of 
known height measurement covers only 51 years, while if we 
regard the height at 70 years as sufficiently close to the 
asymptitic height, we are thus extrapolating 20 years from 
a 50-year experience.
According to a dendrology text (Harlow and Harrar 
1969), loblolly pine is a medium sized to large tree approxi­
mately 27,45 to 33,55 meters (90 to 110 feet) in height.
Therefore, the maximum height at infinite time, H inmax
Equation 26, for loblolly pine has been assigned a value 
of 34 meters. The growth curve was fitted by the least- 
squares technique. The height growth equation is
H = ___________________ 34______________________  (29)
■. ^ Rii -7-7/1 v — .35444t+,010486t2-,00011304t3 1 + 54.774 x e
The smooth curve in Figure 11 is the graph of a mathe­
matical equation which is believed to express the trend of 
tree height growth. It is seen that the curve describes 
the growth of the sampled tree with striking accuracy.
Application of Tree-height Growth Curve - Case Study II
In the second case, we examined the height growth data 
resulting from intensive cultural management of loblolly
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pine. Brewer and Linnartz (1971) reported on the applica­
tion of intensive cultural practices to loblolly pine. The 
study was begun in 1963 on the Lee Memorial Forest in South­
east Louisiana, where loblolly pine was planted in four 
unreplicated study plots. The planting site has an esti­
mated site index 110 (base age 50) for loblolly pine.
The study plots were of the same size, and the same number 
of loblolly pine seedlings were planted at the same spacing 
on each plot. The following treatments were applied:
Plot A: Plowed before planting, irrigated, fertili­
zed, mowed, tip-moth and brush controlled; 
Plot B: Plowed before planting, fertilized, mowed,
tip-moth and brush controlled;
Plot C: Fertilized, tip-moth and brush controlled;
Plot D: Control plot (no treatment)•
According to the authors, the trees which received 
intensive cultural treatments (Plots A and B) showed signi­
ficantly more height growth than trees on the untreated plot 
(Plot D) • Yet, the difference in height growth between the 
irrigated trees (Plot A) and the non-irrigated trees (Plot 
B) was consistent but small.
The data of treatments A and B for the first eight 
years of height growth are listed in column 4 of Table 2.
A least-squares fit of the data to the growth equation gave
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1 1 0.79** 2.04 -1.25
2 2 2.50 2.83 -0.33
3 3 4.39 3.89 0.50
Irrigated 4 4 6.25 5.28 0.97
5 5 7.72 7.05 0.67
6 6 9.61 9.22 0.39
7 7 11.22 11.78 -0.56
8 8 14.27 14.62 -0.35
1 1 0.73 1.92 -1.19
2 2 2.32 2.66 -0.34
Non- 3 3 4.03 3.66 0.37
irrigated 4 4 5.86 4.97 0.89
5 5 7.26 6.65 0.61
6 6 9.24 8.73 0.51
7 7 10.83 11.19 -0.36
8 8 13.48 13.96 -0.48
* The residual sum of squaresi for the irrigated trees is
5.99 and that of non-irrigated trees is 5.32.
** All figures in the table have been rounded to the
nearest .01 m.
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results as shown in column 5 and 6 of the same table. Data 
sets of irrigated trees and that of non-irrigated trees were 
fitted separately.
The equations derived are
H ------------------------------     3 5 2 8 7 t  ( 3 0 )1 + 22.315 x e *35287t
and
34
H = 1 + 23.744 * e - 35076^ l31)
Equation 30 is the growth equation of irrigated trees, and 
Equation 31 is the height growth equation of non-irrigated 
trees.
The theoretical curves are seen to fit the observed 
points very accurately (Table 2 and Figure 12) , The extended 
trend values of the two height growth curves are also plotted. 
Here we are extrapolating 30 years on a basis of 8 years of 
measured height. The two lines raise and fall simultaneously 
in a manner indicating substantial identity of courses, or 
growth pattern. As can be seen, the trend values, heights 
of trees, of the two treatments are small in difference but 
they consistently differ from each other. As is in accord­
ance with the original report (Brewer and Linnartz 1971), 
the two curves in Figure 12 have shown that the height of 
irrigated trees is slightly taller than that of non-irrigated 
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Figure 12. Height growth curves of irrigated trees and non-irrigated trees.
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curves have also revealed that, in the future, the height 
of irrigated trees will always be greater than that of 
non-irrigated trees, although the difference will be small.
One striking feature of the height growth curve in 
Figure 12 is that the growth trend approaches the upper 
asymptote earlier than is ordinarily expected. Although 
trees receiving intensive cultural treatments tend to grow 
at a faster rate, it can hardly be imagined that a loblolly 
pine stand will grow to 35 meters in 20 years, unless affected 
by some unknown factor which has never operated during the 
past history of southern pine plantations. Too much stress 
should not be laid upon this result because long range ex­
trapolation is not always accurate. The proper thing to do, 
of course, in regard to predictions of tree height growth, 
is to revise the prediction whenever additional data are pro­
vided.
The height growth data for treatments A and D were 
fitted separately to the tree-height growth equation. Since 
plot D was destroyed by Hurricane Camille in August 1969, 
there are no data available for this plot since the sixth 
year. Therefore, only the first six years' average height 
measurements were used. The equation, based on six-year 
measurements, of height growth for trees in Plot A is
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H 34 (32)
1 + 28.384xe .41732t
and in Plot D is
34 (33)H
1 + 54.053xe-.41665t
The two curves in Figure 13, and the data on which 
they are based (Table 3), present a number of points of 
interest. In the first place, the height of trees receiving 
intensive cultural treatment (Plot A) is greater than the 
height of trees receiving no treatment not only for the first 
six years as recorded but also for most of their life span 
as forecasted by the curves. While fitting data to the 
equations, I have assigned a value of 34 m to in Equa­
tion 26. This mafces the upper asymptote of both curves 
equal to 34 m (approximately 110 feet), which is logically 
sound because the site index rating for both Plot A and Plot 
D is 110 for loblolly pine. As a consequence, both curves 
approach the same upper asymptote but at different rates.
In the second place, the two curves indicate that the differ­
ence in height between trees receiving different treatments 
is small during the early growth period and then becomes 
larger, and finally diminishes as trees age. However, the 
extrapolation ratio to 30 years is 1:5. This certainly 
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Figure 13. Height growth curves of trees receiving intensive cultural treatment 
and trees receiving no treatment.
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Table 3. Measured and predicted average plot heights of
trees receiving intensive cultural treatment and 
trees receiving no treatment.












1 1 0.79** 1.73 -0.94
2 2 2.50 2.55 -0.05
Intensive 3 3 4.39 3.73 0.66
Cultural 4 4 6.25 5.36 0.89
5 5 7.72 7.52 0.20
6 6 9.61 10.24 -0.63
1 1 0.70 0.93 -0.23
2 2 1.49 1.39 0.10
Control 3 3 2.29 2.06 0.23
4 4 3.14 3.03 0.11
5 5 4.61 4.40 0.21
6 6 6.04 6.25 -0.25
* The residual sum of squares for the intensive cultural
treated plots is 3 .89 and that of control plot is 0.60.
** All figures in the 
nearest .01 m.
table have been rounded to the
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The third point concerns the arbitrary setting of
H at 34 m. It would be interesting to know whether it max
is more adequate for certain height-growth data, such as
data of intensively cultivated trees, to set higher than
34 m. The same question can be asked in another way: would
intensive cultural treatment not only produce taller trees
in a shorter period of time but also produce taller trees
at the end? This takes us into a large and important field
of experimental silviculture, which cannot be discussed here.
However, the question can be answered theoretically, if we
treat H in Equation 26 as a variable rather than a con- max ^
stant in the process of curve fitting. The estimated value
for H will then be an estimation of maximum obtainable max
height of the sampled trees. If the two estimated values 
are significantly different for trees receiving different 
treatments, then we can expect that intensive cultural treat­
ment improves site productivity and produces taller trees.
Application of Tree-heiqht Growth Curve - Case Study III
The third case study of a height-growth curve is an 
investigation of the height growth patterns of trees of two 
different geographic seed sources. The study material is 
drawn from the data of a local test of racial variation in 
loblolly pine established near Pranklinton in Washington
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Parish, Louisiana. Seed used in the study was collected 
from four sources: Washington Parish, Livingston Parish, 
and Rapides Parish, Louisiana, and Ashley County, Arkansas. 
The study was begun in the winter of 1954. Height measure­
ments, together with measurements of dbh and survival rate, 
were made at the end of each of several growing seasons. 
Description of the experiment and results at the end of the 
second, fourth, seventh and tenth growing seasons were re­
ported by Crow (1956, 1958, 1961, 1964).
Thirty-four trees were sampled from the Rapides source 
and 31 trees from the Ashley source. Sampled trees were 
randomly selected from trees that survived to age 15. Each 
sampling unit provided information on total tree height from 
the first to the 12th year and that of the 15th year. The 
average height in meters for each year and the results of 
the fitted growth curve are listed in Table 4 and graphically 
presented in Figure 14. The equations for the calculated 
curves of the Rapides source and Ashley source are
34
H = (34)
1+103.3 * e— •61839t+.030923t2 -.00054878t3
and
H 34 (3 5 )
1 + 1 0 5 .79xe -.75767t+.048827t2-.0011848t3
re spe ct ively.
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t
Table 4. Height growth patterns of loblolly pine trees 
from two different geographic seed sources.
(1) (2) (3)
Seed Observation Age Measured Predicted Residuals*
Sources Number Height .Height
(year) (m)_______(m)
1 1 0.37** 0.58 -0.21
2 2 0.89 0.98 -0.09
3 3 1.65 1.54 0.11
4 4 2.47 2.30 0.17
5 5 3.38 3.24 0.146. 6 4.50 4.34 0.16
7 7 5.26 5.54 -0.28Rapides 8 8 6.78 6.79 -0.01Parish, 9 9 8.15 8.01 0.14
Louisiana 10 10 8.86 9.16 -0.30
11 11 10.08 10.21 -0.1312 12 11.49 11.12 0.37







1 1 0.28 0.54 -0.26
2 2 0.79 0.87 -0.08
3 3 1.46 1.33 0.13
4 4 2.12 1.91 0.21
5 5 2.93 2.68 0.25
6 6 3.68 3.56 0.12
Ashley 7 7 4.21 4.53 -0.32
County, 8 8 5.53 5.56 -0.03
Arkansas 9 9 6.65 6. 61 0.0410 10 7.39 7.63 -0.24
11 11 8.63 8.60 0.03
12 12 9.73 9.50 0.23







* The residual sum of squares for trees of Rapides source 
is 0.59, and that of Ashley source is 0.53.
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Figure 14. Height growth patterns of loblolly pine of two different seed sources.
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Although previous analysis found that the difference 
in total tree height was not significant among the sources, 
the recorded average height of the Rapides source was always 
taller than that of the Ashley source (Crow 1956, 1958, 1961, 
1964).
This investigation, extrapolating 40 years on a basis 
of 15 years of measurements, revealed that loblolly pine 
trees may assume at least two different height growth patt­
erns, The two curves in Figure 14 cross each other at an 
age of about 22 years. Trees of the Rapides source are seen 
to grow at a faster rate in their youth but are outgrown by 
Ashley trees after age 22, In order to make the meaning of 
the figures more apparent, Table 4 includes the predicted 
heights beyond the observed range,
A close examination of the measured growth data in 
Table 4 will indicate that the difference in average height 
of the two seed sources was ,09 meter at age 1, From there 
on the magnitude of this difference increased, up to age 10 
where the difference in height was 1,47 meters. Although 
this difference began oscillating after age 10, the last 
recorded difference was materially smaller than those from 
age 9 to 12, This diminishing difference in height brings 
the two curves to the interception point. In addition, 
the height growth of the Ashley source increased with a
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relatively greater rate of increase. It is this tendency 
which makes the Ashley curve overcome the Rapides curve 
after crossing. In any case, a few more years' height 
measurements should give an indication of this tendency if 
it is to actually appear.
Application of Tree-Heiqht Growth Curve - Case Study IV
In the fourth case study, I used a data set which is 
a combination of Data Groups II, III, V, VI and VII (Appendix 
A). This data set has a range of age from 1 to 82 years and 
a range of tree height from 0.6 to 38.43 meters. There are 
2148 observations in the data set. The tallest tree in this 
set is 38.43 meters high and is 48 years old. Table 5 is a 
summary of the data set. From this table one may note the 
following points:
1. Most of the observations are height measurements 
of trees younger than 15 years.
2. The averaged heights by age are highly irregular, 
judging from comparison with nearby mean heights 
in point of time (age).
3. The magnitude of standard deviation increases 
from year 1 to year 12. This is in accordance 
with what is expected for a time series such as 
height growth. Note also that almost all these
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Table 5. A summary of data for loblolly pine trees used 
















1 124 0.33 0.11 0.06 0.642 124 0.86 0.21 0.43 1.373 124 1.64 0.35 0.85 2.53
4 124 2.46 0.49 1.37 3.90
5 124 3.35 0.67 1.80 5.18
6 124 4.56 0.93 2.07 6.40
7 125 5.24 1.00 2.59 7.50
8 124 6.66 1.12 3.66 8.78
9 124 7.92 1.25 4.27 10.74
10 130 8.69 1.22 4.42 11.13
11 126 9.87 1.29 5.34 12.20
12 128 10.80 1.44 5.34 13.72
13 10 10.55 2.31 7 .32 13.11
14 4 12.80 1.06 11.89 13.72
15 128 12.67 1.68 5.49 16.16
16 10 9.88 2.83 6.40 13.72
17 41 14.42 3.39 7.93 20.22
18 20 11.92 0.94 10.37 13.42
19 9 14.03 1.34 11.89 15.25
20 18 11.59 1.63 9.45 14.34
21 6 14.13 0.32 13.72 14.34
22 20 18.69 2.06 13.42 20.74
24 8 20.28 1.50 18.60 21.96
26 7 20.43 3.13 18.30 27.14
27 2 17.08 0.00 17.08 17.08
28 4 17.69 1.76 16.16 19.21
29 3 23.58 7.22 15.25 27.75
30 2 21.65 0.00 21.65 21.65
31 16 21.88 2.96 17.99 26.6332 20 22.48 2.83 17.38 28.36
33 22 20.77 2.46 14.34 23.18
34 38 23.54 2.50 19.52 28.06
35 34 28.45 2.41 20.74 28.67
36 33 23.95 2.30 19.52 29.89
37 7 21.70 4.56 17.08 30.50
38 11 25.37 6.07 14.64 32.33
39 5 25.74 7.91 17.08 31.72



















41 5 31.54 2.08 29.59 34.7742 5 29.71 2.95 25.01 32.64
43 7 27.27 4.80 21.04 32.03
44 4 29.43 0.17 29.28 29.58
45 19 27.61 3.17 20.43 33.86
46 10 27.21 2.92 23.48 32.03
47 1 31.42 0.00 31.42 31.42
48 15 26.76 6.89 14.03 38.43
49 7 28.23 3.02 26.23 34.77
50 8 30.16 2.84 26.54 33.85
51 5 28.27 2.30 24.40 30.50
52 10 31.20 2.12 28.67 34.47
53 10 29.04 4.78 21.04 35.38
54 3 30.20 1.69 28.38 31.72
55 8 30.35 2.46 28.06 34.47
56 6 23.94 12.56 8.23 36.60
57 4 30.27 4,32 27.14 36.30
58 3 31.31 0.77 30.50 32.03
59 5 33.43 3.55 29.59 36.60
60 4 31.95 2.19 29.28 34.16
61 6 33.65 2.81 29.28 38.13
62 3 34.36 3.46 30.50 37.21
63 5 30.01 5.77 24.40 36.91
64 2 30.20 0.86 29.58 30.81
65 1 29.28 0.00 29.28 29.28
68 1 31.11 0.00 31.11 31.11
70 1 32.03 0.00 32.03 32.03
71 5 25.07 2.17 23.48 27.45
82 2 25.31 0.00 25.31 25.31
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height measurements were made directly with 
measuring poles which is the most dependable 
way of measuring. From age 12 on, the stand­
ard deviation become irregular.
4. The range of tree height at a particular age 
is sometimes large. This range, for example, 
is 24.4 m (38.43 - 14.03 m) at age 48.
As can be seen from figures in the table, the original data 
were not smooth.
A wide range of tree height data is not uncommon for 
Southern pine species. In Data Group III (Appendix A) , for 
example, the range of height at age 17 is from 13.57 meters 
to 20.22 meters for 25 sample trees grown in a loblolly pine 
plantation.
The points which Table 5 illustrates are so interesting 
and important in height estimation that I am obliged to pre­
sent one more example of the same sort. Figure 15 is a figure 
of height growth of nine loblolly pine trees. These trees 
are of the same seed source and planted on uniform site with 
equal spacing. They were randomly sampled from trees in 
Data Group V (Appendix A) . Each sample tree provided height 
measurements from age 1 to 12 and age 15. This figure shows, 
first, trees start growth similarly and then diverge, con­

















Figure 15. Height growth patterns of young loblolly pine 
trees.
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given age becomes wider as trees become older. It would be 
of interest to know whether this dispersion in height will 
be continuous through the whole life span of these trees in 
a stand, or will it hold constant when the trees reach to a
particular stage of development. The question that next
arises is whether the height distribution, for a given age, 
of trees in a stand is symmetrical or asymmetrical to the 
mean height. Of course, a larger collection of data over a
long period of time will be necessary before it will be
possible to settle the questions raised by the present 
study •
In fitting height curves, I have in turn set Hmax/ 
maximum obtainable height at infinite time, equal to 34, 35, 
37, and 39 meters. The data set was then fitted giving the 
following equations
H 34 (36)
1 + 27.425*e-.27655t+.00697t2 -.00006944t3
H 35 (37)
1 + 26.657*e-.26836t+.0063441t2 -,00005962t3
H 38 (38)
1 + 2 4 .7 1 *e -.23154t+.0049305tz-.0000 3978t3
H 39 (3 9 )
1 + 2 4 .1 3 6 x e -.22l95+.004576ltz-.00003492t3
X02
The graphs of the above equations are shown in Figure 16.
The residual sums of squares for each model are 10749.0,
10972.5, 11488.8 and 11608.2 respectively.
The results showed that the residual sum of squares
for each model decreased as the value for decreased.
The differences among these residual sum squares, however,
were negligible as compared to the number of observations
used in the fittings. The reason for this is two-fold. In
the first place, the change of the value of H , as can c max
be expected, should have little effect on the change of 
residual sum squares, since most of the contributions to 
the residual sum of squares came from aberrant observations. 
In the second place, only 4 percent of the observed trees 
are older than 50 years and there are less than 8 percent 
of the observations older than 40 years. A small portion 
of the observations, distributed on the right side of the 
age axis, should not change the residual sum of squares by 
a great amount.
The results of this analysis suggested two things:
(1) ideally it is best to have relatively the same number 
of observations for each age class, and (2) the extreme 
values of height should be discarded, or, in certain cases, 
the average values should be used instead. This second 
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Next, H was treated as a variable in fitting the max
growth equation. The data set just mentioned was used 
again in the experiment. The fitted equation read as
H  =  ------------------------- 29^04-----------------------
-.46243t+.018913t2 — .0002903t31 + 48.794xe
In this fit, the residual sum of squares was 9 350.67 
and the mean square was 4.36. Both were much smaller than 
the values associated with the previous four models. As 
noted above, the tallest tree in the data set was 38.43 
meters and 48 years old. The squared residual for this 
particular tree was 88.83, and was almost one percent of 
the total residual sum of squares (9350.67). If compared 
with the average sum of squares, the squared residual for 
this tree was nearly 20 times as large as that for the aver­
age trees. These figures demonstrate how much an extreme 
observation can contribute to the total residual sum of 
squares. Furthermore, the difference between the recorded
maximum tree height and the estimated H is 9.39 meters.3 max
This shows that a single, extremely tall tree can have little 
effect in deciding the general trend value or the upper asymp­
tote. It can, therefore, be discarded.
Considering the wide ranges of tree height data, the 
author thinks that it would be more realistic if stem analy­
sis data were used in fitting the growth equations. If a
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height equation was fitted for the purpose of estimation 
rather than for long term prediction or comparison of growth 
trends of different tree groups, the method of treating Hmax 
as a variable in growth models might give better results than 
fixing it to a particular value.
A General Height Growth Curve for Loblolly Pine Trees of 
The Livingston Source
Finally, we fit a height growth curve for loblolly 
pine trees of the Livingston source. The data set includes 
trees extracted from Data Groups II, III and V (Appendix A). 
The data may be regarded as some of the most comprehensive 
and accurate tree-height measurements now in existence.
Trees in this set were sampled from CFI plots distributed 
all over the region, and height measurements were taken 
either with a calibrated stick for standing trees, or a 
meter tape for felled trees. There are 509 trees, ranging 
in age from 1 to 49 years and in height from 0.12 to 29.28 
meters, in the data set.
Since height measurements included in the set are 
those which seem on the whole to be the most reliable, it 
can scarcely be supposed that they are so grossly in error 
as to alter materially the shape of the growth curve. Fit­
ting by least squares, the theoretical growth curve for
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loblolly pine trees of the Livingston source was obtained 
(Figure 17). The equation to the fitted curve is:
H = --------------------— ----------------------- (41)
1 + 2 7  442xe-'31265t+*0093692t2" ‘000010887t3
Owing to the reliance on the data used, Equation 
41 will be used, with a fairly high degree of confidence, 
in a future tree volume-growth simulation study.
Conclusions
In this chapter a logistic height growth equation has 
been formulated. Its use in height growth estimation has 
been illustrated by four case studies. Studies showed, for
a single tree, a group of trees, three cultural treatments,
and 2 geographic seed sources, that the formulated theoreti­
cal growth equation does in fact describe adequately the 
known phenomena.
It, however, should be understood that the result 
derived from extrapolation implies a considerable probable 
error. No reliance may be placed on the extrapolation be­
yond a short distance from the observed range when the data 
are meager.
The essential result of this long and tedious analysis 
may be stated briefly as follows:
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dependent. On account of the usual roughness of tree-height 
data that naturally exists, it is recommended that stem 
analysis data or the average heights by age class be used,
A smoothing technique, such as an exponential smoothing, 
should be used before the fitting of the curve, if it is 
called for.
There are, of course, certain merits in using the least- 
squares technique to estimate parameters in the growth mo­
del. However, the growth curve thus fitted sometimes tends 
to flatten out after it passes over the highest observation 
point. In this way, the estimated parametric value for 
Hmax E<2ua*'̂-on 26 is approximately equal to the value of
the highest observed point. Therefore, the fitted curve 
gives no information about the future trend of height growth 
and there is the need of some other technique for solving 
Equation 26,
A curve fitted to the stem-analysis data described 
the height growth of the sampled trees with striking accuracy, 
A comparison between curves of irrigated and non-irrigated 
trees revealed that the height of irrigated trees would 
always be larger in value than that of non-irrigated trees, 
but the difference would be small. With experience based 
on the extrapolation of the fitted growth curve, we found 
that intensive cultural treatment would boost height growth
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throughout the rotation. Analytical investigation of height 
growth of loblolly pine trees disclosed that trees of differ 
ent geographic seed sources might follow distinct growth 
patterns.
The conclusions reached are, of course, subject to 
modification by more extensive experience.
Although tree height data are often rough, there are 
certain growth characteristics which can be studied. For 
example, we have noted before that the standard deviation 
of the average height increases with increasing age. Except 
for the lack of time, one might go on and investigate wheth­
er this trend is always increasing or if it may level off 
when trees become older. Other problems, like the statisti­
cal distribution of tree heights in plantations or natural 
stands for a particular age, are also fascinatingly interest­
ing and important problems.
After I finished writing about the height-growth stud­
ies included in this chapter, I learned of a recently pub­
lished paper concerning the time trends in genetic control 
of height growth in ponderosa pine. Some of the findings 
in this paper are parallel to what I found through height- 
growth curve fitting. The key points presented in the paper 
are, therefore, summarized and appended here as supporting 
material to my studies.
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Namkoong and Conkle (1976) analyzed data of height 
growth in a ponderosa pine plantation at ages 3, 5, 7, 8,
12, 20, 25, and 29. The data were supplied from a ponderosa 
pine altitudinal transect study which included 71 open- 
pollinated families in seven identifiable elevational zones.
They first noted: "The average growth curve was sigmoid 
with an exponential juvenile phase, then linear through early 
stand development, an inflection sometimes in the late teens, 
and a strong tapering of the curve after the twentieth year." 
They then stated: "This general sigmoid growth pattern was 
similar for each zone's mean curve, for each family's mean 
curves, and for all individual tree curves. But patterns 
varied significantly by zone and family within zone in slope 
and time of phase changes."
Based on the growth curves and the results of variance 
analyses, they found that ponderosa pine height growth showed 
three distinct phases during the 29-year history of the test 
plantation. The first phase, called the juvenile phase, 
extended from outplanting to crown closure, specifically 
years 3 through 8. During this growth phase, trees were 
free from intraspecific competition and had an exponential 
increase through 7 years. As the seedlings became establish­
ed, the differential in height of individuals was largely 
influenced by variations in microsite.
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The second phase began with crown closure and was 
called the adolescent phase. This phase was hypothesized 
to represent full utilization of the resource of the site.
It marked the onset of intense intraspecific competition.
In this phase, individuals were well established. Survival 
was more dependent upon growth adaptations to competition 
and to weather factors.
In the third phase, which started at age 20, growth 
rate declined. The transition from constant yearly growth 
to decreasing yearly growth separated phase 2 and phase 3. 
During phase 3, some families within zone groups suffered 
growth decline while others maintained growth and even found 
new advantage. Trees and families which emerge superior in 
phase 3 competition would probably continue to develop their 
relative competitive advantage. The changes in growth rate 
at this time might be the best indicator of mature tree per­
formance under competition.
Namkoong and Conkle realized that, through 29 years, 
there was no indication of a conclusion of phase 3. They 
also ejected an appearance of the fourth phase when heavy 
flowering occurred.
Comparison of zone mean growth curves and family mean 
growth curves revealed several growth phenomenon. First, 
zonal growth followed earlier pattern consistently. There­
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fore, taller trees in the juvenile stage remained taller in 
later stages. This was marked by fewer crosses among zonal 
curves. As a consequence, the magnitude of zone variance 
increased with age. Second, family differences seldom accum­
ulated in the adolescent stage. In other words, th families 
changed growth form with time. This was signified by a 
great amount of intersections in family curves. Subsequent­
ly, correlations of family effects indicated that the per­
formance of families in the early stage were poor indicators 
of later performance. In addition, correlations between 
juvenile performance and that of adolescent phase were low 
and often negative. Third, changes in ranking of families 
within zones started at the transition from phase 2 to phase 
3 and continued through the 25th year. This rendered pre­
diction less certain for family than for zone performance.
Namkoong and Conkle concluded that "We think the major 
differences between phase 2 and phase 3 growth were caused 
by competition among trees."
CHAPTER IV
CONSTRUCTION OF TAPER FUNCTION AND TREE VOLUME MEASUREMENT
Past Knowledge and Experience
Int roduct ion
Southern pine trees have a definite central stem which 
extends from the base to the tip. It is this central woody 
stem, containing the greatest portion of the usable wood 
volume of a tree, which is of greatest concern to forest 
mensurationists•
Foresters have assumed that the form of a tree's stem 
strongly resembles some standard geometric solid and that 
stems of southern pine trees are composites of certain solids 
of revolution such as the cone, paraboloid, and neiloid. A 
typical stem profile is sketched in Figure 18. However, 
deviation from this prototypic sketch is common and has been 
attributed to heredity (Keiding and Olson 1965, Squillace 
and Silen 1962, Zufa 1969), age (Bickerstaff 1946), butt- 
swell (David and Richards 1934, Larson 1963), silvicultural 
practices (Forward and Nolan 1962, Labyak and Schumacher 
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Fieure 18. Typical stem profile depicting portions 
5 of a southern pine tree stem.
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1961), site (Burger 1951), and other causes.
As can be seen in Figure 18, diameter changes at suc­
cessive heights along the stem. This characteristic of a 
tree stem makes it possible to express the proportional 
relation of diameters in ratios or in mathematical functions, 
if a series of diameter measurements are made at chosen 
heights along the stem. The intention is to portray the 
actual tree taper from which log volume can be calculated.
Form Expression and Taper Functions
The early recognition of the strong resemblance of 
trees to standard geometric solids was the stimulus for the 
development of form factors, form quotients and other stem- 
form expressions (Carron 1968)• Definitions and uses of 
various taper expressions, as well as the inadequacies in­
herent in the original assumptions and dissatisfaction per­
taining to field practices, have been discussed in forest 
mensuration texts (Husch 1963, Avery 1967)• In fact, all of 
the above mentioned expressions fail to describe stem taper 
or to estimate log volume precisely because they estimate 
tree volume based on linear measurement of regular solid 
bodies.
Knowing that the use of a single pair of diameters was 
futile in an assessment of tree taper, foresters turned to
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investigate the empirical evidence of tree shape and devised 
methods to express stem taper with balanced taper curves.
A balanced taper curve, constructed from a series of dia­
meter measurements, is a curve which shows the rate of 
diameter change in relation to tree height, and from which 
mathematical functions are derived to relate diameter to 
height by the various constants of these functions. The 
balanced taper curve of a tree would thus be clearly defined 
and it would be possible to calculate the volume of a tree 
by integration or by approximation (Meyer 1953)•
Early taper-curve studies were basically a continua-
Ition of the classical form-quotient approach (Hojer 1903,
Behre 1927)• Effort was directed to the search for a set 
of coefficients subjectable to the classification of form 
quotient. Derived taper functions resembled the functions 
of certain predesignated geometric solids such as paraboloids. 
Since form quotient was an incorrect formulation of taper, 
functions of this kind were undoubtedly verified as to dis­
locate the actual taper curves of different species and 
localities (Jonsen 1911, Gray 1956)• More recent studies 
have involved a diameter-height relationship approach. 
Researchers of this group have optimistically hoped that a 
given sample tree would have diameters changing along a pro­
file similar to that assumed by their taper functions.
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It is conventional for foresters to assume that taper 
in all species is in accordance with the same fundamental 
growth principle and that the main stem of a forest tree 
might conform to the dimensions of a geometric solid. Hence, ' 
foresters have customarily relied on a single taper curve 
in estimating stem taper and, accordingly, the log volume 
of trees of a wide range of species and geographical areas 
(Gray 1956, Heger 1965, Kozak and Smith 1966)•
There are, however, as many taper curves as experi­
ments conducted, and as much bias in the curves as various 
forms trees can have. The only evidence is that a single 
taper curve is unreliable in defining the stem profile of 
trees of different species, existing on different sites, 
receiving different treatments. Grosenbaugh (1966) has 
pointed out that trees seem capable of assuming an infinite 
variety of shapes. It should be understood that a deter­
ministic model is not suitable for representing such an 
unstable factor as stem taper in a dynamic forest system.
A rational model should be a probabilistic one that pro­
vides not only the estimation of the mean but also the range 
of variance.
As revealed by many experiments, there are two inflec­
tion points along a taper curve. One inflection point is 
centered around the position of maximum branch development
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(Labyak and Schumacher 1954). It is sensitively shifted 
upward or downward as favorable or unfavorable growth condi­
tions are encountered (Keukema 1961, Yerkes 1960). In this 
connection, Larson (1963) admonished that consideration must 
be given to the crown development as a criterion for stem- 
form estimation. The other point is located in the butt 
region of the stem and is in conformity with the occurrence 
of butt swell. Behre (1924) warned that form determination 
should not disregard the importance of the butt contribution.
Disregarding the traditional concern, Gray <1956) postu­
lated his taper-line theory and constructed a taper function 
which excluded both the tip and the butt regions of the stem. 
He viewed butt swell as too complex a phenomenon and believed 
that a simple formula that would express the actual shape of 
the basal region of the stem was hard to derive.
After an intensive examination of tree form, Grosen­
baugh (1966) gave the opinion that a single pair of ordinates 
was of little value in assessment of tree form. He also held 
the opinion that definition of tree form required numerous 
paired measurements of height and diameter distributed over 
the entire stem. He deduced that a function of stem profile 
appeared to be monotonic, increasing from tip to stump, with 
the possibility of having many inflection points beyond or 
between measurements. It was his conviction that a many-
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termed polynomial was the feasible form of a taper function 
and polynomials or quotients of polynomials with degree at 
least two greater than the observed number of inflections 
were needed to specify variously inflected forms. Judging 
from the evidence that coefficients of a taper function 
would vary from tree to tree, he asserted that an explicit 
analytic definition of stem taper lacked generality. Con­
tradictorily, he implied that the task could be accomplished 
with a sampling approach which was analytic in nature but 
restricted to a smaller population.
It is this author's conception that a taper curve can 
assume any functional form provided it traced stem profile 
well. Fitting the curve to any preconceived functional 
form might corroborate our visual impressions but might not 
trace stem profile well. Contrary to Grosenbaugh1s (1966) 
pessimistic views on the possibility of achieving a simple, 
accurate, analytic description of tree form, the author sees 
the possibility of optimizing a tree form model that is a 
complete, uniquely defined system which permits efficient 
estimation procedures.
As noted previously, researchers have faced the problem 
of how to define stem profile by a relatively simple curve. 
Derived functions often failed to trace the multiple inflec­
tion points within the crown or to fit the butt-log taper or
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both. In order to solve these two problems, Fries (1965) 
and Fries and Matern (1966) introduced the multivariate 
technique for construction of taper curves. They applied 
principal components analysis on sample trees and represented 
the pattern of variation in stem form by eigenvectors.
Principal components analysis transform measured dia­
meters into orthogonal components which lead to more general 
expressions of taper. The method not only gives an analytic 
definition of tree form but also gives a better solution to 
the problem of multiple inflection points. Fries (1965) 
found that the first eigenvector gave the linear relation­
ship between the diameter of different heights along the 
stem. He interpreted the first eigenvector as the mean stem 
form for all trees. Trees used in the study were sorted 
into groups according to their crown length percent and again 
according to their dbh/height ratios. Based on sorted data, 
Fries found a strong correlation existed between the elements 
of the second eigenvector and crown length percent, while the 
elements of the third eigenvector were correlated with dbh/ 
height ratios.
Procedures 
Method of Defining Stem Taper
Principal components analysis is used here to define
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stem taper. Principal components analysis is one of the 
subfields of multivariate statistical analysis and is defined 
by Kramer and Jensen (1969) as "a branch of statistics deal­
ing with the summarization, representation, and interpolation 
of data sampled from populations in which the variable ele­
ments yield measures of more than one characteristic." In 
fact, multivariate analysis is concerned with a set of n 
individuals, each of which bears the values of p different 
variates. The multivariate character lies in the multipli­
city of the p variates which are dependent among themselves 
but not in the size of the set of individuals (Anderson 
1958) .
Principal components analysis is usually not applied 
to test a null-hypothesis. Instead, it is aimed toward a 
thrifty summarization of a mass of observations and the gen­
eration of hypotheses that are to be tested. It can be des­
cribed as an analytic procedure of orthogonal transformation 
from a set of correlated variates into another set of uncor­
related variates. The original variates are observable where­
as the derived variates are latent. It is a common practice 
to set up certain criteria to eliminate some new variates 
that are insignificant, and then to analyze and interpret 
variates that are deemed significant. However, difficulty 
exists in the interpretation process. In many cases, new
variates do not have an identifiable separate existence. 
Even when they do, it is sometimes hard to find agreement 
with existing biological knowledge. A rewarding strategy 
for the interpretation will be one by which the nature of 
the data is related to the variates, rather than a particu­
lar, empirical definition of it.
In lieu of presenting a more mathematical development 
of principal component analysis (Seal 1968), I have chosen 
to present the development of the technique on an intuitive 
level with reference to Anderson (1958) and Kendall (1968).
Suppose that p characteristics, X^, ...... X^, ..... *Xp/
observed on n individuals, where each characteristic, X^, 
is a normally distributed random variable with variance ct̂ , 
and the X's are intercorrelated. Thus, we have a data set 
consisting of n independent samples drawn from a p-variate 
normal population. A linear transformation of the design 
matrix is then carried out by finding the solution of the 
eigen equation, resulting in a set of p equations of the 
type
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V = a a .X. + ..+a XP Pi 1 Pi i pp p
where a., is a constant and V. is said to be a linear func-3i 3
tion of {X1#....«X }. Corresponding to each V., there is aP 3
number X^ which is one of the multiple roots of the eigen 
equation. It is conventional to write the coefficients of 
Equation 42 as a vector, { a^, •••,., a^ } . There are p such 
vectors each of which is associated with a X. These vectors 
define a set of independent variates and are called eigen­
vectors, latent vectors, or principal components. Each X 
estimates the variance of its corresponding new variate and 
is called eigenvalue or latent root.
Mathematical manipulation involves, first, choosing the
coefficients so that the first of our new variates, as
defined in Equation 42, has as large a variance as possible; 
choosing the second variate, V2, so as to be uncorrelated 
with the first and to have as large a variance as possible, 
and so on. Algebraically, we can write:
X > ............ > X , (43)
hr
a,V + ... + a V = 0 ^  a, =....= a = 0, (44)1 1  p p 1 p
where the a's are constants and
X, + « , , . + X  = cr? + a£, (45)1 p i  p
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In addition, the original set of variates can be eaqpressed 
as
X_ — a V *t"...+a_.V. + .»«+ an V 1 11 1 1] ] IP P
X. = a .nV + ...+ a. .V. +..,+a. V (46)
x xl 13 3 ip p J
X — a -V +»..+ a .V. +...+ a V P Pi 1 PJ J PP P
Examining the above equations, we will find certain 
important properties of principal components analysis. Prom 
Equation 42, we know that each of the new variates is a 
linear function of the original variates. So we can repre­
sent the entire set of X's by any single V^. In Equation 43, 
the variance, A, associated with each new variate decreases 
in order. This ordination of variates permits us to use only 
the first few significant components to summarize the whole 
of the variability and covariability of the original variates. 
Equation 44 simply indicates that the newly derived variates 
are mutually independent and can thus be considered separate­
ly. Equation 45 reveals that the total variation of the 
derived variates is equal to the total variation of the ori­
ginal variates, so that the aggregate of the original vari­
ances is preserved by the orthogonal transformation to the
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new variates. Finally, Equation 46 assures us that the 
estimation or prediction of X's can be achieved by express­
ing the X's as a linear function of some or all of the prin­
cipal components.
Methods of Curve Fitting and Volume Calculation
Numerical approximation is used in fitting curves. It 
should be noted that the objective of curve fitting is to 
obtain an approximation differing from the given function 
(curve) by less than a specified tolerance or by an amount 
which has less than a specified probability of exceeding a 
preassigned tolerance. We do not strive for exactness.
Suppose we are given a set of paired numbers corres­
ponding to certain points in a two-dimensional space. This 
discrete set of points gives information about a certain 
function, say f(x), and we are required to obtain additional 
information, in a form which is appropriate for interpreta­
tion in terms of numbers. The implicit function, f(x), 
usually is known or required to be continuous over the range 
of interest. By approximation, we first select a convenient 
set of n + 1 coordinate functions gQ (x), g^tx),... 9n (x), 
e.g., 1, x, x2,..., xn, such that there exists a set Sn of 
all functions of the coordinate functions. Then we apply 
a numerical procedure which has the property that it will
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yield the desired additional information simply and exactly 
(barring inaccuracies in calculation) if f(x) is a member 
of the set Sn> Next, we use an appropriate selective process 
which tends to choose from among all functions in Sn that 
one, say Yn ^x) • whose properties are as nearly as possible 
identified with certain of the known properties of f(x) .
In particular, it is desirable that the process be one which 
would select f(x) if f(x) were in Sn# The required property 
of f(x) is then approximated by the corresponding property
of yn (x)*
When the selective process specifies n + 1 instances 
of exact agreement between the function f(x) and its appro­
ximation on a discrete set of points, the resultant approxi­
mation (if it exists) is called an interpolation.
In fitting curves, we look for a procedure which would 
be capable of affording an arbitrarily high degree of accur­
acy. Procedures used in this study are mostly the result 
of consultation made with the "Directory of Methods" in­
cluded in Hildebrand's (1974) book. Introduction to Numeri­
cal Analysis. Reference has also been made to Hamming (1971) . 
General developments of various approximation methods and 
results bearing on error analysis and on the convergence of 
approximation sequences have been treated completely in 
Hildebrand's text. The accuracy as well as efficiency of
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various procedures used depended upon the function to be ana- 
lized and will be discussed later in this chapter.
With a given taper function that is continuous on a 
closed interval and lying entirely on one side of a linear 
axis, volume estimation can be obtained by the disk method 
for finding the volume of a solid of revolution (Purcell 
1965). Numerical integration is approximated according to 
the trapezoidal rule (Protter and Morrey 1964) as commonly 
adopted in computer computation.
Results and Conclusions 
Defining Loblolly Pine Taper Function
Stem-taper quantification ideally requires that mea­
surements of diameters at predetermined percentages of total 
height be distributed over the entire tree stem. Such posi­
tional diameter measurements would facilitate graphical 
interpretation of principal components. The plotting of 
eigenvectors requires the same coordinate system and scale 
(Seal 1968)• This would, additionally, make amenable the 
comparison of taper among trees of different size classes, 
species, and so forth.
The 40 loblolly pine sample trees in Data Group I 
(Appendix A) were subjected to the principal components
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analysis technique to develop a stem taper function. Ten 
diameter measures at 10 percent height intervals from the 
base upward were selected as the set of original variables. 
The normality of these variables was assumed without testing 
the homogeneity of variance. These data were then entered 
into the design matrix to calculate the sum-of-square and 
sum-of-cross-products matrix. Diameter of the tip of the 
stem was assigned a value of zero and was not employed in 
the analysis. Since all measurements were of the same unit, 
the sum-of-square and sum-of-cross-products matrix was used 
as the input for solving the eigen equation. Use of the 
sum-of-square and sum-of-cross-products matrix (or variance 
-covariance matrix) has greater statistical appeal because 
the sampling theory is less complex than that of the corre­
lation matrix which should be used if units of measures are 
of different scale (Anderson 1958).
The machinery of eigen transformation has been demon­
strated in most of the linear algebra texts (e.g., Schneider 
and Barker 1973), and computer packages for solving eigen 
equations are available at most computing institutions. The 
mathematical and programming aspects of eigen transformation 
are intentionally omitted in this literary work, but the 
terminology pertaining to them is adopted for describing 
certain features of principal components analysis. The
129
output from solving the eigen equation consisted of a diagonal 
eigenvalue matrix, with its entries arranged in decreasing 
order, and an eigenvector matrix, with its row vector assoc­
iated with eigenvalues in that same order.
The developed eigenvalues are recorded in Table 6, 
along with the percentage of the eigenvalue sum accounted 
for by each eigenvalue. The cumulative percentage of the 
eigenvalues is also included. As shown in Table 6, the 
first eigenvalue which represents the variance of the first 
newly transformed variate, whatever it is, has absorbed more 
than 99 percent of the total variance. It is thus regarded 
as the most significant principal component in stem-taper 
analysis. None of the other variates account for more than 
0.4 percent of the variation and are considered to be of no 
significance. The inclusion of the second and/or the third 
variate provides little information about differences among 
the observed individuals, as shown in the fourth column in 
Table 6 .
Graphical analysis of eigenvectors involved plotting 
the value of eigenvectors as the ordinate and with the posi­
tion, expressed in percentage of stem length, as abscissae.
The first generated eigenvector, corresponding to the first 
eigenvalue, is plotted in Figure 19. The second and the 
third eigenvectors are plotted in Figure 20 for later
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1 388803.000 99.461 99.461
2 1223.200 00.313 99.774
3 429.600 00.110 99.884
4 162.080 00.042 99.925
5 87.247 00.022 99.947
6 68.368 00.018 99.965
7 64.789 00.017 99.981
8 36.037 00.009 99.991
9 23.604 00.006 99.997
10 12.851 00.003 100.000
Sum 390910.776 100.001
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Figure 19- Graph of the first eigenvector of stem taper of loblc 
■with lines (modified spline fitting technique) to si
>blolly pine
tor of stem taper of loblolly pine. The values of the vector are connected 
fitting technique) to show the trend of their mutation.
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■i eigenvector #2 of stem taper of loblolly pine
&r—  eigenvector #3 of stem taper of loblolly pine
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Figure 20. Graphs of the second and third eigenvectors of stem 1 
connected with lines (modified spline fitting techni<
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: stem taper of loblolly pine. The values of each vector are 
technique) to show their trend of mutation.
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comparison. The elements of eigenvectors No. 1, No. 2, 
and No. 3 are listed in Table 7.
The plotting of the first eigenvector gives rise to ■ 
a curve of a characteristic shape. It is of the form which 
resembles the mean stem taper of the trees. In a pilot 
study, Liu (1973) showed that a loblolly pine stem has an 
analogous taper curve. Fries and Matem (1966) reached the 
same conclusion when they pointed out that the first eigen­
vector accounted for the linear relationship among the 
diameters and could be interpreted as the mean stem taper 
for all trees.
Based on general biological knowledge and analytical 
results, we may interpret that the first new variate repre­
sents the mean stem form of loblolly pine trees and that 
the elements of the first eigenvector define the functional 
relationship of loblolly pine stem taper.
An Elaborative Trace of Butt-Reqion Taper
In the previous section, 10 diameter measures at every 
one-tenth-height interval were used as original variates in 
principal components analysis, from which we obtained a gen­
eral sketch of a loblolly pine stem profile (Figure 19) • It 
is reasonable to postulate that additions to the number of 
variates will trace stem taper closer and clearer because
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No. 1 No. 2 No. 3
1 .07047 .09140 .45964
2 .13777 .24420 .48967
3 .19430 .26573 .52303
4 .24884 .25760 -.14163
5 .28268 .23953 -.01619
6 .31124 .10820 .08257
7 .33719 .17100 -.20184
8 .35776 .17845 -.19724
9 .38123 .17467 -.37459
10 .55909 -.79647 .16825
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they can mark inflections along the stem, especially in the 
butt region. Pour additional diameter measures were taken 
at 2, 4, 6 and 8 percent of total tree height. These addi­
tional measures and the 10 tenth-height diameter measures 
form a set of 14 variates upon which principal components 
analysis was applied. The resulting eigenvalues, percentile 
eigenvalues and cumulative percentile eigenvalues are re­
corded in Table 8. The elements of the first three eigen­
vectors are tabulated in Table 9. From Table 8, we notice 
that the first principal component accounts for more than 
99 percent of the total variation, which signifies its dis­
tinction. To facilitate comparison, the first eigenvector 
generated and the one with 10 elements have been plotted in 
Figure 21. It is evident from Figure 21 that the plot of 
14 points gives a better sketch of the taper of the butt 
region where greater curvature has generally been recognized. 
The second and the third eigenvectors, each of which has 14 
points, are plotted together in Figure 22 for later compari­
son.
Comparison of Taper Curves of Different Size. Height and 
Crown-Ratio Groups
Sorting similar data into groups is considered to be 
a practical method for comparing differences among groups
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1 647753.000 99.586 99.586
2 1377.600 00.212 99.797
3 604.120 00.093 99.890
4 275.390 00.042 99.933
5 114.100 00.018 99.950
6 87.345 00.013 99.964
7 68.959 00,011 99.974
8 54.199 00.008 99.983
9 40.401 00.006 99.989
10 25.376 00.004 99.993
11 17.689 00.003 99.995
12 12.714 00.002 99.997
13 11.094 00.002 99.999
14 6.181 00.001 100.000
Sum 650446.168 100.001
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Table 9. First three eigenvectors of stem taper of




No . 1 No. 2 No. 3
1 .05450 .02553 .38679
2 .10673 .15643 .43718
3 .15051 .15580 .50331
4 .19282 .16448 .16036
5 .21899 .13188 .24076
6 .24104 -.00001 .26017
7 .26128 .08342 .05625
8 .27723 .09160 .04044
9 .29561 .13332 -.21396
10 .30119 .12310 -.23893
11 .30659 .14345 -.21471
12 .31866 .16638 -.21946
13 .33736 .17501 -.21930
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(Harberd 1962). The effect of tree size, height, and crown 
position upon stem taper can thus be studied through group­
ing. Trees in Data Group I were classified and reclassified 
into different crown-ratio, dbh, and height groups. Data in 
each group were separately analyzed, but results of each 
group were conjointly compared.
Forty trees were first classified into three crown- 
ratio classes with intervals (CR| • 2<CRj<.4) , (CR| ,4<CR£.5) 
and (CR| ,5<CR<.7), where CR stands for crown ratio. Data in 
each crown-ratio class were then subjected to the procedures 
previously described. First eigenvalues for each of the 
three classes accounted for more than 99 percent of the 
total class variance (Table 10)• This rendered the possibi­
lity of eliminating the other 13 variates from consideration. 
The elements of the first three eigenvectors of all three 
classes are listed in Table 11. As can be seen in this 
Table, the maximum difference of differences between ele­
ments of the first eigenvectors of small and medium classes 
is .01105, and that between small and large classes, and 
between medium and large classes are .02684 and .02203, 
respectively. The number .02684 shows the range of the 
most divergent of three crown-ratio classes. I believe that 
these differences are not critical. It is, for the present 
purpose, convenient to assume their analytical insignificance.
Table 10. Eigenvalues of three crown-ratio groups.
-
Eigenvector Eigenvalue Cumulative Eigenvalue 
Percent
Number Small Medium Large Small Medium Large
1 175878.000 155547.000 316636.000 99.685 99.807 99.519
2 327.990 117.210 947.400 99.871 99.882 99.817
3 108.950 80.205 259.160 99.932 99.934 99.898
4 54.054 37.310 138.630 99.963 99.958 99.942
5 27.126 '•25 ;133 66.679 99.978 99.974 99.963
6 14.234 19.401 45.367 99.986 99.986 99.977
7 10.573 14.106 35.471 99.992 99.996 99.988
8 5.423 3.826 16.872 99.996 99.998 99.993
9 3.298 2.098 8.612 99.997 99.999 99.996
10 2.484 1.050 8.065 99.999 100.000 99.999
11 1.033 0.000 2.550 99.999 100.000 99.999
12 0.738 0.000 1.103 100.000 100.000 100.000
13 0.220 0.000 0.660 100.000 100.000 100.000
14 0.104 0.000 0.004 100.000 100.000 100.000
Sum 176434.286 155846.809 318165.563







Number Small Medium Large Small Medium Large Small Medium Large
1 .06606 .06262 .04407 .02319 .15437 -.01874 -.02734 -.21273 .26198
2 .12019 .11645 .09442 .08068 .20976 .14335 .16531 -.20758 .26266
3 .16624 .15518 .13940 .09103 .15186 .14395 .28885 -.37029 .36045
4 .19473 .19561 .19051 .07197 -.39225 .16758 .28601 -.40485 .26940
5 .22123 .22362 .21537 .16677 -.18045 .09278 .33440 -.29087 .39571
6 .24472 .24128 .23876 -.14921 -.04726 .02373 .49163 -.21608 .31666
7 .25928 .26108 .26235 .06826 -.24432 .08098 .25658 -.04752 .21630
8 .27936 .27349 .27776 .09826 -.25749 .08303 .08691 -.19185 .12767
9 .29340 .29421 .29738 .18764 -.16305 .12545 -.04398 .12846 -.30312
10 .29665 .30054 .30388 .14205 -.16802 .13267 -.01581 .11803 -.33298
11 .30384 .30666 .30792 .15269 -.09280 .16108 -.27813 .29674 -.24795
12 .31632 .31796 .32014 .17004 .00803 .19809 -.25567 .37665 -.21691
13 .33244 -.34173 .33779 .25961 .06104 .17989 -.45385 .39685 -.16908
14 .42961. .42470 .43803 -.86028 .72604 -.88136 -.16996 -.14979 .00748
142
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The form of the curves and their relation to the elements 
of eigenvectors are shown graphically in Figure 23 and 
Figure 24.
Trees in Data Group I were then grouped into three 
dbh classes with intervals (dbh|13cm<dbh<30cm), (dbh|30cm< 
dbh<,40cm) and (dbh|40cm<dbh<80cm) . Results of principal 
components analysis are shown in Table 12 and Table 13.
Figure 25 shows that the three eigenvector curves are 
nearly identical. This implies that tree taper is the same 
for trees of different size classes. The maximum diver­
gence of the three first eigenvectors of dbh classes is 
only .01758. The fact that this is a small difference 
needs no emphasis. Curves of eigenvector No. 2 and No. 3 
in Figure 26 will be discussed together with other curves 
later in this chapter.
The same set of data was again classified into two 
height classes of intervals (HTjllm<HT< 25m) and (HT| 25<HT<37m), 
where HT stands for height of trees. Eigenvalues are listed 
in Table 14. In Figure 27, the agreement between the two 
curves is so close that they can hardly be distinguished.
It can thus be said that diameter is not dependent on tree 
height but depends upon the positional height. The data 
upon which Figure 27 and Figure 28 are based are shown in 
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Table 12. Eigenvalues of three dbh groups.
Eigenvector Eigenvalue Cumulative Eigenvalue 
Percent
Number .Small Medium Large Small Medium Large
1 53214.000 213792.000 380907.000 99.652 99.765 99.518
2 110.090 211.760 1102:700 99.858 99:863 99 .'806
3 44.072 139.940 332.100 99.941 99.929 99.893
4 10.830 53.788 179.600 99.961 99.954 99.940
5 8.162 33.895 71.719 99.976 99.970 99.959
6 5.201 24.058 56.950 99.986 99.981 99.973
7 4.154 15.148 39.166 99.994 99.988 99,984
8 2.245 7.929 25.198 99.998 99.992 99.990
9 0.865 6.605 20.611 100.000 99.995 99.996
10 0.110 5.139 9.840 100.000 99.997 99.998
11 0.000 2.734 4.011 100.000 99.998 99.999
12 0.000 1.937 2.186 100.000 99.999 100.000
13 0.000 1.057 0.661 100.000 100.000 100.000
14 - 0.000 0.467 0.069 100.000 100.000 100.000
















First three eigenvectors of three dbh groups.
Eigenvector Eigenvector Eigenvector
-No. 1_____________ No. 2__________ No. 3___
'Small Medium Large" Small Medium Large "Small 'Medium Large
.06454 .06225 .04874 .08597 .14422 -.02210 .22360 .46245 .32917
.11402 .11526 .10090 .27163 .26167 .11172 .18020 .49208 .39308
.15300 .16152 .14394 .24586 .19616 .10308 .10891 .41950 .53033
.18750 .19711 .19111 .27618 .18998 .14529 .28275 .02474 .17285
.21156 .22222 .21817 .32122 .27127 .08862 .14804 .13307 .26996
.23815 .24332 .24012 .25042 .14294 -.05018 .18255 .05196 .31597.25341 .26023 .26291 .23235 .15461 .06290 .08290 -.10992 .13495
.27396 .27835 .27701 .22898 .19295 .06130 .03858 -.06966 .05031
.29552 .29328 .29686 -.01834 .22443 .13864 -.20260 -.19111 -.25246
.29977 .29780 .30322 .02901 .11154 .14626 -.19481 -.21808 -.25317
.30895 .30521 .30696 -.00597 -.00276 .18145 -.31248 -.11152 -.22181
.32347 .31757 .31852 -.05289 -.02245 .20820 -.26925 -.25275 -.17186
.34663 .33903 .33506 -.18109 -.18978 .24049 -.44059 -.20348 -.15120
.43139 .42481 .43712 -.68774 -.76267 -.87321 .56468 .35793 -.05535
oo
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Short Tall Short Tall
1 191550.000 456273.000 99.780 99.520
2 155.490 1271.200 99.861 99.797
3 102.620 537.820 99.914 99.914
4 63.095 172.980 99.947 99.952
5 27.397 63.654 99.962 99.966
6 24.872 45.515 99.975 99.976
7 17.346 36.504 99.984 99.984
8 12.075 26.857 99.990 99.989
9 9.204 20.870 99.995 99.994
10 6.428 10.720 99.998 99.996
11 2.120 9.803 99.999 99.998
12 1.402 5.361 100.000 100.000
13 0.197 0.950 100.000 100.000
14 0.071 0.599 100.000 100.000
Sum 191972.317 458475.833
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#2 of tall trees 
#3 of tall trees
of two height groups.
Table 15. First three eigenvectors of two height groups.
Element Eigenvector Eigenvector Eigenvector
No. 1 No. 2 No. 3
Number Short Tall Short Tall Short Tall
1 .05677 .05355 -.12879 .02626 -.19176 .42535
2 .10588 .10708 .05451 .15310 -.18713 .45405
3 .15051 .15050 .06202 .16794 .16903 .53821
4 .18515 .19602 .12999 .17512 .29352 .08600
5 .21807 .21936 .48510 .12101 .34179 .20699
6 .23682 .24279 .17325 -.00783 .14001 .23592
7 .25720 .26297 .35406 .06544 .03967 .03079
8 .27462 .27831 .32376 .07734 .03386 .01669
9 .29420 .29617 .10257 .12275 -.30496 -.21056
10 .29864 .30223 .07062 .11820 -.23952 -.24875
11 .30692 .30643 -.11261 .15200 -.27690 -.21100
12 .32358 .31657 -.09766 .17629 -.25911 -.18369
13 .34822 .33278 -.22460 .19388 -.25592 -.16367
14 .43304 .43243 -.61320 -.87819 .56095 .06969
153
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of the first eigenvectors of short and tall classes is 
-01544.
The weight of the evidence presented above indicates, 
first, only the first principal component, which represents 
mean stem taper, is analytically significant because, in 
each case, the corresponding eigenvalue has absorbed more 
than 99 percent of the total variance. Second, the curves 
of the first eigenvectors all assumed the similitude of 
stem taper with insignificant between-group differences which 
can temporarily be considered as random fluctuation or noise 
pertaining to the sampled data. Third, curves of the second 
and the third eigenvector change their shape from group to 
group as displayed in the figures. This phenomena reveals 
that the second and the third principal components are un­
stable and lack unique existence. Consequently, their des­
criptive validity is questionable no matter what interpre­
tations are to be made. To summarize, the first component 
is the only significant variate and the rest are either 
unstable or insignificant or both. The first component 
can be regarded as an analytical sketch of stem taper with 
the existence of local fluctuation contributed by the data 
sampled. Since the observed differences between elements 
of the first principal components of different classes are 
not significant, we can spare our attempt to discern their
155
true differences. However, it is desirable to devise a 
procedure that would be able to manifest differences and 
capable of affording a higher degree of accuracy than the 
method just used.
Comparison of Taper Curves of Different Locality
Trees growing at different locations are subject to 
the differences of site, heredity, silvicultural practices 
and other factors which may attribute to variation of stem- 
taper formation. In order to learn if significant differ­
ences in taper exists among trees of different localities, 
two more sets of data, originating from different locations, 
were collected and analyzed.
Twenty-five loblolly pine trees (Data Group II, Appen­
dix A) were collected from Livingston Parish in southeastern 
Louisiana. Each sample tree in this group provided 10 dia­
meter measures. Sample trees in Data Group III came from 
Washington Parish in eastern Louisiana. Fourteen positional 
diameters were measured on each of 11 trees but only 10 tenth- 
height diameter measures have entered into the principal com­
ponents analysis. Table 16 contains derived eigenvalues of 
both data sets. The eigenvalues of Data Group I, which has 
trees measured at Woodworth State Forest in central Louisiana, 
are also listed in Table 16. Three first eigenvectors of all 
three data groups are tabulated (Table 17) and plotted (Figure





Number I II III I II III
1 388803.000 145078.000 66384.000 99.461 99.499 99.656
2 1223.200 391.870 145.450 99.774 99.768 99.874
3 429.600 207.880 37.060 99.884 99.911 99.930
4 162.080 47.081 30.222 99.925 99.943 99.975
5 87.247 34.192 9.356 99.947 99.966 99.989
6 68.368 22.137 3.127 99.965 99.981 99.994
7 64.789 14.118 2.362 99.981 99.991 99.997
8 36.037 6.451 1.112 99.991 99.996 99.999
9 23.604 4.579 0.352 99.997 99.999 100.000
10 12.851 1.921 0.093 100.000 100.000 100.000
Sum 390910.776 145807.229 66613.134
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Table 17. First three eigenvectors of trees of different locality.
Element Eigenvector Eigenvector Eigenvector
No. 1 No. 2 No. 3
Number Data Group Data Group Data Group
I II III I II III I II Ill
1 ..07047 .06849 .06459 .09140 .05488 .01826 .45964 -.24163 -.04366
2 .13777 .14221 .15711 .24420 .03698 .32123 .48967 -.39785 -.90578
3 .19430 .19656 .22320 .26573 .08493 .37435 .52303 -.58075 .05757
4 .24884 .23725 .26358 .25760 .19219 .27580 -.14163 -.34658 .15717
5 .28268 .26260 .29807 .23953 .16358 .31609 -.01619 -.24037 .27925
6 .31124 .28349 .31726 .10820 .22609 .17436 .08257 -.04275 .13913
7 .33719 .31095 .34036 .17100 .23317 .12863 -.20184 .20195 .16423
8 .35776 .32236 .35392 .17845 .33878 .02037 -.19724 .24369 .025539 .38123 .34569 .37323 .17467 .36215 -.05907 -.37459 .39391 -. 10244
10 .55909 .64089 .53099 -.79647 -.75717 -.72767 .16825 .10488 -. 11907
157
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29) together for ready comparison. The second and the third 
eigenvectors of Data Group II and Data Group III are plotted 
in Figure 30 and Figure 31, respectively.
Without exception, the first principal components 
distinguish themselves from the rest by absorbing a large 
portion of variances. We therefore consider the first 
principal component as the only significant one in estimat­
ing stem-taper variation. Of special interest in Figure 29 
is the fact that taper curves of trees of different locality 
behave differently although they all follow a similar patt­
ern. Trees of Livingston Parish have a larger butt-region 
swell while trees of Washington Parish show a within-crown 
swell. Curves of eigenvector No. 2 (Figure 30) and eigen­
vector No. 3 (Figure 31) present their unstability as usual. 
Material difference among taper curves of trees of different 
locality suggests that site factors and/or genetic factors 
have exerted an influence upon taper.
Taper Curves of Other Coniferous Species
The technique described previously in this chapter 
can be used in deriving taper functions of other coniferous 
species without additional effort. The possibility of using 
the technique for the derivation of taper curves of all 
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order that it may be seen that this technique is applicable 
to other species, one other southern pine species will be 
used for demonstration.
Twenty-three slash pine trees were felled and diameter 
measurements taken at 14 different positions along the stem. 
The data set is described in Data Group IV, Appendix A. 
Figure 32 shows the taper curve of slash pine. The curve 
was fitted to observations by the method described pre­
viously in this chapter. Curves of the 2nd and the 3rd 
eigenvectors are plotted in Figure 33. Results from eigen 
transformation are presented in Table 18 and 19. The resem­
blance of the picture of the first eigenvector of slash pine 
to that of loblolly pine (Figure 21) confirms the general 
belief that the two species have similar stem forms. The 
exclusion of the second and the third eigenvectors will be 
discussed the following section, together with all other 
second and third eigenvectors of previous analysis.
The Discarding of Variables in Multivariate Analysis
In many multivariate situations, we are faced with the 
problem whether all variables are necessary and, if not, 
which to discard. The possible methods for deciding which 
variables, obtained from the use of principal components 
analysis, to reject has been discussed by Jolliffe (1972).
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Figure 33. Graphs of the second and the third eigenvectors of st
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1 973670000.000 99.809 99.809
2 697619.000 00.072 99.881
3 444654.000 00.046 99.927
4 334222.000 00.034 99.961
5 149403.000 00.015 99.976
6 66841.000 00.007 99.983
7 47499.000 00.005 99.987
8 35399.000 00.004 99.991
9 30435.000 00.003 99.994
10 21337.000 00.002 99.996
11 14476.000 00.001 99.997
12 8836.600 00.000 99.999
13 5852.600 00.000 99.999
14 1885.700 00.000 99.999
Sum 975528459.900 100,000 100.000
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Table 19. First three eigenvectors of stem taper of 
slash pine.
Element Eigenvector
Number No. 1 No. 2 No. 3
1 ..43503 t .12738 -.843342 .37374 .41280 .160473 .33274 .39097 .194294 .31138 .21587 -.03269
5 .29984 .12115 .05275
6 .29089 .10334 .06681
7 .26959 -.08921 .187468 .24953 -.24169 .221.12
9 .22712 -.34810 .26126
10 .20323 -.33717 .24086
11 .17590 -.38406 .01635
12 .13826 -.34253 .04574
13 .09317 -.13035 -.06556
14 .04798 -.07421 .00181
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In our situation, the discarding of redundant variables 
can be easily decided, since the principal components them­
selves explained their relative importance. However, there 
are certain points in regard to the evidence presented in 
the preceding sections which warrant further discussion.
In the first place, it is to be noted that every first 
principal component of positional diameter measurements made 
on two species, from three localities, and of different size, 
height and crown-ratio groups has accounted for more than 99 
percent of the total variation. Clearly, the dominant char­
acteristic of these trees is one of differences in size at 
different positions on the stem. We have translated this 
first principal component into a biological concept as the 
taper of tree stems. Reported applications of the method 
have led to similar simple interpretations (Fries 1965,
Fries and Matern 1966).
The second point regards the importance of all other 
newly derived variates. In our analyses, none of the remain­
ing principal components, which between them accounted for 
less than 1 percent of the total variation, could be of much 
practical importance. Fries and Matern (1966) derived simi­
lar results when using the method on birch trees. The situa­
tion can therefore be reduced to one in which variation occurs 
in but a single quantity, represented by the first principal
168
component. However, the opinion that all except the first 
principal component can be discarded is not held by all 
workers who have faced the problem.
Fries (1965) found, after sorting sample trees into 
crown-ratio groups, that the differences between the corres­
ponding elements of the first eigenvectors for trees with 
short and long crowns showed a strong correlation with the 
corresponding elements of the second eigenvectors. He 
reasoned that "diameters of trees with varying taper assoc­
iated with varying crown lengths can be described in terms 
of the appropriate eigenvectors and heights." In the same 
report, Fries found that the first eigenvectors were similar 
for trees of different dbh/height ratios. He, therefore, 
remarked: "This means that the form factor is also correlated 
with the dbh/height ratio. If the elements of eigenvectors 
1 and 2 are fitted into functions the diameter can be calcu­
lated for any height in the tree." In a subsequent report, 
Fries and Matern (1966) used the first three eigenvectors 
in a taper function for birch, although the second and the 
third principal components accounted for only 0.105 and 
0.032 percent of the total variation, respectively.
By definition, principal components represent quanti­
ties which vary independently. In circumstances where two 
characteristics, e.g., stem taper and crown ratio, are
169
correlated, the principal components cannot correspond to 
measures of these two characteristics (Holland 1969)• In 
addition, even if the characteristics do vary independently, 
it is not necessarily true that they can be defined as in­
dependent functions of the measured features. Therefore, 
it would be redundant to fit the redundant eigenvectors 
into a taper function. It would also be a misconception to 
think of any causative relationship between stem taper and 
crown ratio or between stem taper and dbh/height ratio if 
the only means to deduce is from the result of principal 
component analysi s.
In the case of two variates, each individual measured 
can be represented by a point in a plane. Corresponding to 
the two coordinates in a Cartesian plane, there is a pair of. 
numbers representing the measured variates. Therefore, the 
shape of the cloud of points is a consequence of the rela- 
tionship that exists between them. If an eigen transformation 
is applied to the individuals, each point in the cloud is 
redefined in terms of the principal axes of the elipse con­
taining the cloud. In this way, each point is assigned a 
pair of new values corresponding to the new axes. These 
new values will be independent of each other. The longer 
of the two new axes will correspond to the direction of 
maximum variation. In fact, these axes represent the
170
principal components of the data* This geometric concept 
can be extended, mathematically, to any number of variates. 
The direction of greatest elongation of the cloud of points 
will always correspond to the first principal component, the 
second greatest direction of elongation to the second prin­
cipal component, and so on.
Since the space occupied by the cloud of points will 
be a consequence of the factors that are responsible for 
variations in the individuals, it will be the same for all 
samples, so long as those factors remain unchanged. How­
ever, if the various causal factors vary in their importance, 
the shape of the cloud of points will adjust itself, first 
elongating in one direction and then in another, as differ­
ent responses predominate. Thus the vectors of the principal 
components that define such a space might very well change 
from sample to sample.
By maintaining this geometric concept and by inspecting 
the shape of the second and the third eigenvectors in various 
figures drawn previously, we can readily see that they are 
unstable. In other words, they are causal factors which 
vary from sanqple to sample. Although we do not know these 
causal factors, we have provided an additional reason for 
discarding them.
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Mathematical Functions and Taper Curve
Thus far we have used the multivariate technique to 
define loblolly pine stem taper as the first eigenvector 
derived through principal components analysis. Results from 
analyses applied on different sets of data consistently in­
dicate the momentous role of the first variate in stem-taper 
analysis.
In order to bring the results of stem analysis into 
practical application, we need to fit the taper curve, the 
first eigenvector, to a mathematical function. With such a 
function one would be able to predict intermediate values of 
diameters along the stem and to calculate log volume. The 
method of curve fitting has been discussed in a previous 
section of this chapter* In this section we will be con­
cerned with certain specific techniques suitable for fitting 
a taper curve. We shall use the data in Data Group II for 
principal components analysis. The first eigenvalue derived 
will in turn be used in curve fitting.
Polynomials usually are convenient coordinate functions 
for the approximation of a continuous function when the 
desired interval of approximation is finite. For a given set 
of values of dependent and independent variables, there are 
many techniques available for a determinate interpolation.
172
The polynomial interpolation, the cubic splines and the 
approximation by continued fractions were chosen to inter­
polate the first eigenvector derived.
The polynomial approximation chooses a polynomial from 
a class of nth-order polynomials such that the chosen poly­
nomial passes through selected samples of the function to 
be approximated. The method for finding a polynomial is the 
method of undetermined coefficients (Hamming 1971)• With 
this method, one assumes the form of the answer with arbi­
trary (undetermined) coefficients written in it. Then the 
conditions, such as passing through the various points, are 
applied to determine the arbitrary coefficients. The poly­
nomials I used in interpolating the taper curve are the 
third-order polynomials.
Instead of approximating a given function over an 
interval by a single polynomial, the splines technique 
approximates the given function by a different polynomial 
on each of n divided subintervals. For some purposes, it 
is highly desirable that the joins of the separate arcs be 
as smooth as possible. If it is required that in each sub­
interval the approximation be a polynomial of maximum degree 
3, then the approximation is called a cubic spline.
The method of continued fractions approximates a given 
function by a ratio of polynomials, that is, by a rational
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function of the independent variable. Such approximations 
can be expressed conveniently in terms of continued frac­
tions (Hildebrand 1974). A rational function can be reduced 
by crossing out the common polynomial factor possessed by 
both its numerator and denominator.
Two of the three techniques used, polynomial approxi­
mation and cubic splines, have successfully interpolated 
the first.eigenvector without oscillation. Figure 34 is a 
plot of interpolated values with an interval of ,01 percent 
of total tree height. These two models are excellent posi­
tion-dependent models of stem taper and are deterministic.
However, simulation is a working analogy that involves 
construction of a mathematical model presenting similarity 
of relations but with no identity, A deterministic taper 
model, like any of the three models developed above, is 
undesirable for two additional reasons: first, a natural or 
man-made system is governed by probabilistic rather than by 
deterministic relationships; second, a mathematical study 
of samples, like the one we conducted on taper, may succeed 
in acquiring certain characteristics of the population, but 
sampling procedures might unsettle the foundations of the 
deterministic concept. Thus we dismiss deterministic models 
and try to fit the taper curve with a probabilistic approach. 









Figure 34. Graphs of interpolated first eigenvector by the methods of polynomial
approximation, cubic splines and continued fractions. 174
if there was any consistent pattern of variables on each set 
of runs. The dependent variable was again the first eigen­
vector derived from analysis in Data Group II, which consists 
of 15 elements. The independent variables here are the posi­
tional height corresponding to elements of the first eigen­
vector and their powers. They are listed in Table 21.
Part of the results of stepwise regression is presented in 
Table 20. .
Table 20. Results of stepwise regression







3 /X, X, /X3 99.771%
4 / x , x , V x 3, x 2 99.870%
5 / x , x , / x 3, x2 , / x 5 99.948%
6 /X,X,/X3,X2,/X5, X3 99.953%
If we view these results we see that after two varia­
bles have been introduced, further gain in R2 is minor. We 
also note that /X is selected by all models and X3 is the 
second important variable after /X is introduced. If we
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use the value of the square of the multiple correlation 
coefficient, R2 , as the criterion for deciding the number 
of variables to be used in the model, then any one of the 
last four models in Table 20 can be selected. This implies 
that the use of a quadratic or a cubic equation of positional 
height will not affect the predicted values of diameters to 
a noticeable extent. Therefore, any argument, like the one 
given by Gray (1956), upon a specific functional form which 
a tree's stem may conform to can be neither conclusive nor 
convincing. It is the precision needed and the numerical 
technique used that decide the functional form of stem taper, 
but not the casual observations or theories.
We now face the problem of selecting the best regres­
sion equation from several acceptable ones. If a quadratic 
equation is chosen, there is some inconsistency because the 
best two-variable equation involves X3. If a cubic equation 
is chosen, there is a tendency toward overfitting. This re­
fers to the fitting of regression equations that involve 
more independent variables than are necessary to obtain a 
satisfactory fit to the data. This difficulty is overcome 
by using the predictability of equations as a guide-line in 
model selection.
First, we note that, to make the equation useful for 
predictive purposes, we should include as many independent
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variables as possible in the equation so that reliable 
fitted values can be determined. Second, if all important 
variables have been included in an already overfitted 
equation, increasing the number of independent variables 
will tend to stabilize the residual mean square and make 
it approach the true value of cr2 (Draper and Smith 1966) . 
Finally, we examine the models by a critical examination of 
residuals.
Since an assessment of the magnitude of the residual 
mean square as the number of variables in the regression 
increases is sometimes indicative in pinpointing the cutoff 
point for the number of variables in the regression (Draper 
and Smith 1966), an all-possible-regression run has thus 
been made upon the data set. Residual mean squares for all 
possible models are listed in Table 22. The plot of a por­
tion of the number of variables is shown in Figure 35. It 
appears here that the four-variable model should be used, 
since the residual mean squares tend to stabilize when the 
number of variables in the regression increases to four.
Further, an examination of residuals has been made 
upon the best models of four-r, five- and six-variable s. As 
shown in Table 23, the differences of residuals between 
various models are at the thousandth position. These diff­
erences in residuals are of little practical importance.
Table 22. List of residual mean squares of all possible regressions.
Number of 
Variables














































































best estimate of a
Number of Variables
Figure 35. Plot of residual mean squares against the number of variables. The dotted 
lines indicate the clipping of the out-of-range data. 180
Table 23. List of residuals of different regression models of taper curve.
Observation Residuals
Number 4-variable model 5-variable model 6-variable model
1 0.00230191 0.00003144 -0.00024505
2 -0.00518886 0.00099517 0.00236859
3 -0.00492569 -0.00260609 -0.00265296
4 0.00126703 0.00051354 -0.00015674
5 0.00322255 0.00038884 -0.00040810
6 0.00513002 0.00105338 0.00040835
7 0.00282979 -0.00035992 0.00049890
8 0.00157855 0.00270039 0.00375927
9 -0.00822874* -0.00444181 -0.00428637
10 -0.00542663 -0.00182260 -0.00259442
11 0.00201918 0.00315212 0.00217743
12 0.00510727 0.00295368 0.00265061
13 0.00510919 0.00083881 0.00159826
14 -0.00340890 -0.00634021* -0.00521441*
15 -0.00138667 0.00294327 0.00209664
* The larger Residual value
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In order not to overfit the data, I decided to use a four-
variable model, or, in this case, a quadratic equation as
the probabilistic model for stem taper of loblolly pine
trees. The regression equation is as follows:
F(X) - .50453809-1.53793877/X+3.39636968 X- (47)
3.00795343/X3+.64637111 X2
The residual mean square equals .00002723, which is
small and can be ignored.
Equation 47 can be used to predict diameters at any
position along the stem. It is particularly useful in
predicting merchantable height in simulation work where
this value is an unknown.
Assume that the total tree height (H) is known, and
that one diameter measurement (d ) is made at height (h )m m
from the base of the subject tree; then diameter d atP




d_ = F(h/H) X  -----21--- = F(X ) X   2L (48)
F(hn/H) P F(Xm)
Vkp hmwhere F is function (47), X = — and Xm = — —— •
Calculation of Log Volume
When a plane region, lying entirely on one side of a 
fixed line in its plane, is revolved about that line, it
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generates a solid revolution. The volume of a solid of 
revolution may be approximated by combination of right 
cylinders which have their volumes given by the formula 
V = A 2H; where A is radius of the base and H is the altitude 
of the right cylinders. General methods for obtaining the 
volume of a solid by integration is given in Morrey's 
University Calculus (1962). I merely give the formula as 
follows.
Assume f is a function, which is continuous on the 
closed interval {a,b}, then the volume of the solid of 
revolution generated by revolving about the x-axis the region 
bounded by the curve y = f(x), the x-axis, and the line x == a 
and x = b, is
With a given taper function (Equation 47) and a 
diameter measurement dm at height hm together with total 
tree height H, the formula that gives the volume of the log 
is an analogy of Equation 49, except that the latter has an 
adjusting factor. The volume of the log can be calculated 
by the formula






Summarising all the evidence presented in this chapter 
the author thinks he is justified in drawing the following 
conclusions:
First, only the first principal component is analyti­
cally significant because the corresponding eigenvalue has 
absorbed more than 99 percent of the total variation. This 
has been demonstrated experimentally for trees of two species, 
from three localities, of three crown-ratio groups, two 
height groups, and three dbh groups. Based on the general 
biological knowledge, this component has been interpreted 
as the stem taper of pine trees. The elements of the first 
eigenvector are regarded as defining the functional relation­
ship of stem taper.
Second, none of the remaining principal components, 
which between them account for less than 1 percent of the 
total variation, could be of practical importance. In 
addition, plotting of the 2nd and the 3rd eigenvectors 
showed that they were casual factors changing from sample 
to sample. Therefore, they were discarded in interpreta­
tion and in taper function fitting.
Third, no detectable difference has been found in 
the shape of taper curve among tree size groups, height
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groups and crown-ratio groups. The implications of these 
results are that (1) stem taper is the same for trees of 
the same species and is irrelevant to tree size, (2) the 
magnitude of positional diameter bears no relation to total 
tree height, and the relative magnitude of such diameters 
is dependent upon the positional heights, and (3) crown- 
ratio, or the relative length of a tree's crown, has no 
effect upon stem-form formation.
Fourth, with more diameter measurements made at the 
butt region, the butt curvature can be sketched more clearly.
Fifth, site factors and/or genetic factors may have 
influence upon stem-form formation. This has been demon­
strated by a comparison of taper curves of trees sampled 
from three different localities and it was found that trees 
of Livingston Parish source showed a greater butt region 
curvature•
Sixth, the technique used in this study can also be 
used in deriving taper functions of other coniferous species 
without additional effort. This was verified with the experi­
ment on slash pine.
At this point it is desirable to show the practical 
application of the results of stem-form analysis. The first 
eigenvector was fitted with a mathematical function by var­
ious numerical and statistical methods.
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An effort was made to represent both the probabilis­
tic (real)-deterministic (model) and the probabilistic- 
probabilistic relationship of observed diameter changes 
along the stem and the taper curve* The first eigenvector 
can be interpolated by various numerical methods to obtain 
a deterministic model of stem taper.
I purposely tried to introduce variability into the 
model because I assume that the taper function has probabil­
istic operations or actions as it interacts with other 
system parameters and, also, because the sampling procedure 
is, in reality, probabilistic.
However, since the variability was too small to have 
any practical use, I think that the probabilistic model 
is indistinguishable from a deterministic one in this parti­
cular case. I adopted the regression model simply because 
of its simple form. Log volume can then be calculated by 
the Disc method of solids of revolution.
Having gained some insight into a theoretical taper 
curve which is believed to express the form of a tree's 
stem, we are able to approach the general problem of stem 
taper along several pathways not previously open. We can, 
for example, use a precise mathematical function rather 
than a mere quotient to examine the effect of pruning, thin­
ning, and competition on stem taper, or to predict merchan­
table height and to calculate log volume.
187
Since there are no numerical methods available in 
discriminating true differences among taper curves of 
various sources, only the graphical analysis was employed 
in the present analytic work. This is considered to be one 
of the most important problems in connection with taper 
study in the future. It is highly desirable to devise a 
numerical procedure that would enable manifesting differences 
and capable of affording a higher degree of accuracy than the 
method just used.
In this chapter evidence has been presented that the 
first eigenvector derived from principal component analysis 
applied on positional diameter measurements of tree stems 
describes the known phenomena of stem taper with great
precision and fidelity. The sampling units furnishing this
evidence encompass a great range of diversity in species, 
locality, size, etc. I think that this evidence makes it
probable that the curve of the first eigenvector is at least
an approximation to a descriptive law of stem taper.
CHAPTER V
MORTALITY AND MORTALITY PREDICTION 
Past Knowledge and Experience
Mortality is the volume of those trees, initially 
measured, which have died during a specified growth period 
and were not utilized. Thinning is sometimes considered as 
calculated and intentional mortality (Baker 1950) and in­
cluded in nortality count. This practice will not be 
adopted in this work. Death occurring before trees are 
established is generally regarded as mortality of seedlings. 
Considerations of seedling mortality, either at the succulent 
stage and/or at the juvenile stage, are important in forest 
practices, which do not here concern us.
The causes of mortality are numerous, among them being 
competition, senescence, and death caused by external factors 
such as insects, diseases, wind and lightning.
We have already seen in Chapter II that, as the trees 
must inevitably expand and take up more growing space with 
the passage of years, some trees will become suppressed 
and will become stagnant through failure to maintain growth, 
or will die. The cause of death of suppressed trees under
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severe competition has not been studied in detail nor thor­
oughly understood. In any event, trees receiving severe 
competitive stress will have greater chance of being exposed 
to risk, as they are less able than the dominant trees of 
the stand to survive periods of unfavorable environmental 
conditions. Mortality will normally be concentrated during 
periods of extreme heat and drought, extreme cold or other 
critical periods. In addition to mortality due to competi­
tion and senescence, many trees are killed by insects, fungi, 
and climatic factors. These external causes sometimes attack 
healthy, vigorous trees, and sometimes merely complete the 
process initiated by weakening of the trees as a result of 
competition or senescence. Lightning and winds are climatic 
factors which play a major part in removing the mature forest 
trees. When a tree attains a weakened state, it is apt to 
fall prey to some insect or disease; which one may depend 
upon chance or local circumstances.
One interesting characteristic of the development of 
plantations is the reduction in the number of trees that 
begins as soon as the trees come into competition with each 
other. This process of reduction in number may take place 
earlier in heavily stocked or rapidly growing stands than 
stands that are relatively open or slow-growing. The rate 
of reduction is, of course, affected by many factors.
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From the standpoint of silvicultural practice or forest 
management, it is important to know which trees are doomed 
to die in the next few years as well as the number. Those 
which perish are, of course, predominantly the smaller 
suppressed trees in the stand, although this is not inevit­
ably the case. Only a few studies have been made on morta­
lity, and the prediction of mortality remains one of the most 
difficult phases of growth determination.
Meyer (1937), assuming that the losses were concentrated 
in the smaller diameter classes, estimated death loss of 
Sitka spruce from normal-stand tables which showed the num­
bers of trees in different diameter classes in stands of 
varying ages. He believed that this method would give a 
good approximation of normal mortality. However, results 
of his study showed that on the poorer sites the volume loss 
was fairly constant through the whole yield-table life of 
the stand, but on the better sites the heaviest volume losses 
were in the early ages below 40 years, beyond which age the 
rate of loss decreased. Baker (1950) noted that Meyer's 
assumption was not entirely true, because the volume losses 
so computed were certainly too low.
Deen (1933) analyzed the problem of mortality carefully, 
in the case of stands of eastern white pine, and prepared 
a survival table which indicated that mortality was much
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more widely spread through all sizes of trees in the stand.
Baker (1950) pointed out that mortality in specific 
forest stands was typically irregular through the years. 
Cyclic periods of high and low death loss existed, perhaps 
governed by cycles in rainfall and other climatic factors 
or perhaps by cycles of insect or disease activity, both of 
which might in turn stem back to climatic causes. Because 
of its irregularity, Baker thought that mortality was diffi­
cult to relate to density or other factors in any satisfac­
tory manner.
Keister (1972) devised a method that could identify 
mathematically the chance of death associated with individual 
trees. The method related the probability of a tree's suc­
cumbing to the competitive stress it was receiving. The 
competition index (Cl) and the competition ratio (Cl/n), 
developed by Keister earlier (1966, 1971) and described in 
Chapter II, were tested as the two mortality predictors.
He noted that the values of (Cl/n) should be high for sup­
pressed trees and low for less-suppressed trees regardless 
of size. Least-squares analyses were made of (Cl) and 
(Cl/n) values for the 188 dead trees from 24 CFI plots, with 
cause of death only due to competition. Results revealed 
that about 15 percent of the trees in a planted stand might 
be classes as high-risk trees with a probability of dying
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within five years of 0.61. The remaining low risk trees had 
a mortality probability of only 0.08. In addition, Keister 
stressed that there was a good chance for high-risk trees 
not to die. This was probably because some high-risk trees 
were subsequently released by the neighboring trees that 
died. Keister found that high-risk trees in this study 
were smaller than the average in size and attained less 
growth than the average trees. He thought that these trees 
were not likely to be significant factors in making projec­
tions of future growth, and a portion of them should be 
selected as mortality in growth simulation studies.
Later, Keister and Tidwell (1975) classified the (Cl/n) 
values into seven classes in order to determine probabilities 
of change in (Cl/n). They held the opinion that (Cl/n) is 
dynamic and the changes of (Cl/n) follow a finite Markov 
process. The prediction of changes of (Cl/n) values would 
facilitate the prediction of changes in competition. Results 
of analysis showed: (1) the probability of death increased 
with both time and larger initial values of (Cl/n), (2) trees
with low (Cl/n) values tended to retain their competitive 
position and responded most to release by thinning, (3) 
death probability increased sharply when (Cl/n) values in­
crease from 0.4 upward, (4) all trees tended to move toward 
a condition of greater competition or eventual death, (5)
193
this movement increased with time and increasing initial 
(Cl/n) values.
The result of this study was compared with yield-table 
information and the recorded field data. It was found that 
the result from this study over-estimated mortality rates 
that were actually recorded* They considered that the result 
was inconclusive and more study was needed before the method 
could be used in long term simulation.
Discussion
The current conception of mortality is influenced by 
the concept of a normal forest. For example, Baker (1950)
stated that ,r it is undeniably true that the mortality
increases as stand density approaches 'normal'... In normal 
stands there should be such a balance that the stand will 
remain normal." In today's forest practice, estimation of 
mortality (including thinning) is still largely based on 
normal yield tables which show the number of trees in differ­
ent diameter classes in stands of varying ages. What has 
been regarded as a defect of this method is that a stand 
under comparison must be assumed normal, or at least growing 
toward a normal condition. It will not pay to examine all 
the hypotheses underlying the term "normal forest" which 
have, at one time or another, been put forward. They all
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suffer from too many important exceptions to be considered 
valid or practical. Consequently, a comparison of mortality 
made between a particular estimation procedure and a normal 
yield table is not recommended.
For purpose of analyzing the effect of competition on 
growth, Keister (1966, 1971) devised a method of measuring 
competition exerted upon individual trees. In order to 
mathematically identify trees which have a high probability 
of succumbing, Keister (1972) and Keister and Tidwell (1975) 
used the competition ratio to predict mortality of planta­
tions. They then could assign the chance of death to each 
individual tree with probabilistic terms. These two studies 
called attention in vivid form to an important fact about 
the chance of death: not all high-risk trees will die within 
a fixed duration of tree life. If this is taken with faith, 
then we are able to free ourselves, once and for all, of the 
notion that death is an inevitable consequence of competition.
Although it appears that death does not strike trees 
in a haphazard manner but, instead, in a most orderly way, 
the recorded total number of trees which die within a period 
of time as well as those trees which are doomed to die in the 
next few years is apparently inconstant. We are here looking 
at the question of mortality from the standpoint of a predic­
tor, which is concerned not with what causes a cessation of
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life, but rather with what is the chance of death for a 
particular tree with a particular measure of competitive 
stress. Through the labors of Keister and his associate, 
Tidwell, it is possible to do this, if not with precise 
accuracy, at least to a rough first approximation. Their 
research results, mentioned above, give us a rough, but in 
its general sweep also sufficiently accurate, picture of the 
distribution, mutation and transition of probability of mor­
tality.
We are only at the beginning, however, of the course 
of mathematical analysis of mortality. A vast amount must 
be added to our present knowledge of competition and mortal­
ity. By erring generally on the side of not being exact, 




This study was a mathematical treatment of three major 
components of volume growth of southern pine stands. The 
data on which the estimation of the values of system para­
meters was based were mainly loblolly pine trees' growth 
data. Foresters have recently come to realize the extent 
of the probabilistic nature prevailing in real processes. 
This realization constituted a turning point in scientific 
thinking and was reflected by some forest simulation work. 
The author, thus, laid down a philosophical guideline for 
this simulation study by assuming that a stand-volume-growth 
process is of a probabilistic nature. As a consequence, the 
effort was devoted to the construction of a probabilistic 
simulation model of a probabilistic real system.
In Chapter I, I first introduced the concept of "com­
puter simulation" and related it to "system analysis" in 
general. Next, I proposed an algorithm of a volume growth 
model which was the step-by-step methodology for planning, 
designing, and carrying out simulation experiments. This 
model was of a modular recursive design.
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In Chapter II, attempts were made to evaluate the 
concept of competition, to investigate the growing spaces 
of stand-grown trees, and to revise Keister's (1966) com­
petition index. This chapter also contained a ten-step 
procedure which was proposed to define competition indices.
In order to compensate for the effect of distance on com­
petition, trees in a stand must be identified by the coordi­
nates of a rectangular-coordinate system. The growing space 
wherein the tree was to obtain resources or site factors 
was represented by a circular area whose center was at the 
center of a tree's stem. This circular area was termed as 
the "utilization circle" or the "micro-site". It was assumed 
that the efficiency or the ability for a tree to utilize site 
factors within its utilization circle decreased outward from 
the stem. Therefore, the utilization zone of a tree could 
be regarded as a composite of several concentric utilization 
belts. The relative efficiencies of utilization belts were 
assumed to be negatively proportional to their distances 
from the stem (Equation 12).
A tree's utilization zone was further divided into 
small squares. The sum of these square areas would approxi­
mate the area of a tree's utilization zone. This method 
made amenable the recognition of competitors (Equation 14), 
those trees with utilization circles intruding into the
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circle of the subject tree, and the calculation of overlap 
of the overlapping areas (Equation 15) . Embedded in Equa­
tion 15 was compensation for the distance effect on competi­
tion. The total utilization of the subject tree was calcul­
ated by summing up the utilization of all the squares within 
its circle (Equation 19)• The competitive stress of the 
subject tree was defined as the portion of the area within 
its utilization zone that is utilized by the competitors, 
or the site factors that the subject tree loses control of 
through competition. The competition index associated with 
an individual tree was defined in three different ways. The 
first competition index defined was equal to the ratio of a 
tree's competitive stress to its own utilization zone 
(Equation 20) . The second competition index defined used 
the average spacing as the base of the index and gave an 
indication of the competitive status of the subject tree.
The third index defined used the average competitive stress 
of the stand as the base of the index and represented the 
relative competitive stress of the subject tree as compared 
to the mean competitive stress of the stand. The second and 
the third indices were considered to have advantages over 
the first one because they could compare indices of trees 
of different size, age, or species. It was recommended that 
future studies of competition index should be extended to
199
measure (1) the dispersion of competition index, (2) shape 
of frequency distribution of competition index, and (3) 
comparisons among indices of different stands.
In Chapter III, I analyzed the use of the height- 
diameter, height-age, and site-index curves in estimating 
height growth. The effect of stand density on height growth 
was also examined. The logistic growth curve was successfully 
modified to enable prediction of height growth. Application 
of the newly formulated height growth curve (Equation 26) 
revealed (1) the height of irrigated trees would always be 
greater in value than that of non-irrigated trees, (2) in­
tensive cultural treatment would boost height growth, and 
(3) loblolly pine trees of different geographic seed sources 
might follow distinct growth patterns. Finally, a general 
loblolly pine height growth curve was derived for future 
simulation studies (Equation 41).
In Chapter IV, a new technique in defining stem taper 
was presented. Stem taper was defined as the first derived 
eigenvector from principal components analysis. This 
technique has been applied on trees of two species, from 
three localities, of three crown-ratio groups, two height 
groups, and three dbh groups. The conclusions reached 
were: (1) stem taper was the same for trees of different 
size, (2) the magnitude of positional diameters bore no
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relation to total tree height, and the relative magnitude 
of such diameters was dependent on the positional heights, 
and (3) the relative length of a tree's crown has no effect 
on stem-form formation. It was found that trees of differ­
ent localities had different stem form. It was demonstrated 
that this new technique could be used in defining stem taper 
of other coniferous species without additional effort. A 
second-degree modified polynomial was derived through least- 
squares fit of the first eigenvector (Equation 47). This 
equation was considered to be a theoretical taper function 
of loblolly pine and could be used for future simulation 
studies.
Chapter VI consisted of a review of current conceptions 
of mortality and prediction of mortality. The author criti- 
sized the use of normal-yield-table information to estimate 
mortality. Rather, he recommended to use Keister's (Keister 
and Tidwell 1975) transitional probability matrix to predict 
mortality in future simulation studies.
I have mathematically formulated three subsystems of 
a forest stand. These three subsystems are competition 
index, height growth function and taper function. With 
these formulated subsystems and with the aid of Keister's 
transitional probability matrix of mortality, we shall be 
ready to enter into the next phase of simulation study —  
the formulation of a computer program.
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Measurements were obtained from sample trees which 
were uprooted by a violent storm which struck the Alexander 
State Forest in central Louisiana on April 30, 1975. Forty 
uprooted loblolly trees of all sizes were selected for this 
study. These trees ranged in total height from 11 m to 36 m, 
in dbh from 13 cm to 76 cm, and in crown ratio from .23 to 
.68. The sample trees had been growing on a variety of 
soil types and in both pure stands and mixed with hardwoods.
The following measurements were taken on each tree:
(1)total height, (2) height at base of live crown, (3) dbh, 
and (4) diameter (outside bark) at the ground line and at 
each 0.1 of the tree height from base to tip. Additional 
diameter (o.b.) measures were taken at .02, .04, .06, and 
.08 of total height.in order to better define the butt region. 
Diameters were measured with a caliper across the upper face 
as the tree lay on the ground. In this way the diameters 




Twenty-five sample trees were felled on three 1/4- 
acre circular plots of a loblolly pine (Pinus taeda L.) 
plantation located in Livingston Parish, Louisiana. Trees 
on the plots were hand planted in January 1959 with 1-0 
planting stock. At the time the data were collected, trees 
were 17 years old. The plantation has a nominal spacing 
of 6 feet x 8 feet and is on average to poor sites for this 
area.
Each sample tree was felled and total height was mea­
sured from ground line to the tip of the tree. Diameter 
outside bark was then measured at the ground line, at each 
0.1 of the tree height from base to tip, and at .02, .04, 
.06, .08, .85, and .95 of total tree height. At the same 
time, growth rings were counted at each of the above- 
mentioned positions. Diameters were measured with a 
caliper across the upper face as the tree lay on the ground. 
Crown ratio and crown width were also recorded. Trees in 
the group ranged in height from 13.57 m t o  20.22 m and in 
dbh from 8.55 cm to 35.5 cm.
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DATA GROUP III
This data group consists of two subgroups. Trees in 
both subgroups were grown in the same area. Sample trees 
were randomly selected from Louisiana State University's 
Lee Memorial Forest near Franklinton in Washington Parish, 
Louisiana. The soils of the forest are of different types 
and are representative of the uplands and minor stream 
bottoms of the Coastal Plain. The original forest stand 
was clearcut in the early 1920's and became reestablished 
to loblolly pine with the typical hardwood component. The
presently mature forest has never been in cultivation, but
in some areas, the hardwood trees were cut or injected with 
a herbicide to facilitate the-university *s other research 
work.
Subgroup I consists of six loblolly pine trees. They
were felled and dissected at every tenth tree height. Dia­
meters (outside bark) were measured with a caliper at the 
small end of the sections. Diameter at the ground line 
was also recorded* Tree height used here refers to the 
length measured from the ground line to the tip of the tree. 
Trees in this subgroup have unidentified ages. The dbh range 
of the subgroup is 11.1 cm - 24.9 cm and the height range is
216
10 .26 - 21.33 m.
Subgroup II consists of five loblolly pine trees.
Trees in the subgroup were felled and dissected at .00 
{ground line), .02, ,04, .06, .08, .10, .20, .30, .40, .50, 
.60, .70, .80, and .90 of the total tree height (from ground 
line to tip)• Diameters (outside bark) at the small end of 
the sections were measured with a caliper across the upper 
face as the tree lay on the ground. Growth rings were also 
counted for each section. Crown width and crown ratio were 
recorded for each sample tree in the subgroup. This sub­
group has trees which ranged in dbh from 33.78 cm to 46.86 cm, 




Twenty-four slash pine (Finus elliottii Engelm.) 
trees were selected as sample trees from two quarter-acre 
circular plots of a plantation in Livingston Parish, Lou­
isiana. Trees on the plots were planted with 1-0 slash 
pine seedlings in December 1953. Initial spacing was to 
have been 6 X 8  feet, but actual spacing was sometimes 
quite different from that intended. The plantation has 
been frequently burned and has suffered some damage from 
hurricanes, so spacing was not very regular at the time the 
data were collected.
The data were collected for the use of stem analysis. 
Each sample tree was felled and total height was measured 
with a meter-tape from ground line to the tip of the tree. 
After crown ratio and crown width were recorded, the sample 
tree was then cut into sections at the following positions:
.00 (ground line), .02, .04, .06, .08, .10, .20 .30, .40,
.50, .60, ,70, .80, .85, .90, and .95 of total tree height. 
Diameters (outside bark) were measured with a caliper at 
the small end of the sections. Growth rings were also counted 
at the points where diameters were measured. The data Group 
has a range of tree height from 9.87 m to 20.69 m and a 
range of dbh from 7.55 cm to 41.6 cm.
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DATA GROUP V
This data group consists of trees randomly selected 
from the data of a local geographic seed source study con­
ducted by Professor Crow of School of Forestry and Wildlife 
Management, Louisiana State University. In the winter of 
1954, Professor Crow established a local test of racial 
variation in loblolly pine near Franklinton in Washington 
Parish, Louisiana. Seed used in the study had been collected 
from four sources: Washington Parish, Livingston Parish, 
Rapides Parish, Louisiana, and Ashley County, Arkansas. How­
ever, trees in the data group represent only the Rapides,
Livingston and the Ashley seed sources.
Sample trees included 59 trees of Livingston source,
34 trees of Rapides source and 31 trees of Ashley source. 
Trees of each source were randomly selected from trees of 
their respective sources that survived to the age of 15.
Each sampling unit provided information on total tree height 
from the first to the 12th year and height of the fifteenth 
year. Heights were measured at the end of each growing 




In about 1954, Crown Zellerbach Corporation carried 
out a forest inventory in Livingston Parish, Louisiana. 
Information collected was used for the construction of 
local volumn tables. Four tenth-acre sampling plots were 
systematically located in the vicinity of randomly selected 
CFI plots. All sampling plots were in natural pine stands. 
Height measurements were made on every tree on the sampling 
plot after they were felled. Both outside- and inside-bark 
diameter measurements were made on each sample tree at stump 
(1 foot above the ground), at breast height, and at intervals 
of 5 feet 3 inches up the stem to about a 2-inch top diameter. 
Growth rings were counted at the stump. It is this inventory 
information that provided a basis for data used in the current 
study.
There are 397 loblolly trees in the data group. Only 
the height and age information has been entered into the 
height growth model. Sample trees in this group ranged in 
age from 7 to 82 years, and in height from 5.80 m to 29.58 m.
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DATA GROUP VII
A total of 111 loblolly pine trees were randomly 
selected as sampling units from a natural stand on the 
Louisiana State University Agricultural Ejqjeriment Station 
near Clinton in East Feliciana Parish, Louisiana. The stand 
is a mixed stand of hardwood and pine trees. The sample 
consists of trees growing on different soil types and on 
different slopes. Sample trees were of various age and 
crown position. Each sampling tree had its dbh, height, 
age, and crown class recorded. The data group includes 
trees ranging in age from 29 to 70 years, in size from 20.32 
cm to 63.75 cm in dbh (outside bark) and in height from 15.25 
m to 38.43 m.
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